Spring 16 — AMS256 Homework 1

1. Observe that z; = y;/x; = p1 + Bo/xi + €i/x; = This model is still linear in 3.

2.

(a) Note that three columns are linearly independent. Or the three rows are linearly inde-
pendent. So r(X) =3

(b) dim(C(X)) =r(X) = 3.
A basis that we can easily come up with (you may find a different set of vectors for the

1 -1 1
1 0 0
basis) is a set of the following three vectors, u; = |1| orus= | 0 | or uz = [0
1 1 1
1 0 0
(c) dim(N (X)) = 4 — dim(C(X)) = 4—3 = 1. We need to find a vector v such that
0
Xv=0. A basisis v] = é . We can check that v L u;, j =1,2,3.
-1
5 1 3 1
T 1 31 3 . . . .
d) X' X = 31 3 1| Recognize that the submatrix of the upper 3 x 3 is nonsingular
1 31 3

12 0 —1/2
0 3/8 —1/8

~1/2 —1/8 7/8
0 0 0

matrix and find a g-inverse matrix, (X7 X)~ =

o O o o

(e)

0 0 0 0
1/2 1/2 0 0
1/2 1/2 0 0
0 0 1/2 1/2
0 0 0 1/2 1/2

Ify e C(P)=C(X), Py=1y. So [3,1,1,2,2]T and [1,0,0,2,2]7 can be Py.
(f) Recall that (X7 X)~X is a g-inverse of X. We use this to construct all the solutions,
& =Gc+ (I — GA)z for Az = c from lecture. Thus, for some z € RP

&= (X"X)(XTX)y+ (I —(XT"X)"(XTX))z

By varying z, we can obtain all possible solutions of 3.

P=Xx(XxTx)"xT=

o O o=

yi = Bo+fiwit+e
Bo + Bi(s +ti) + €
Bo + B1s + Biti + ¢
= Y +mite



where o = Bo + S1s and 1 = f1t. Thus, they are an equivalent parameterization.

4. e LSE
Let § = argming Q(0) = argming ||Y — X || where X = [22,...,22]T and 8 = 6. From
lecture, for full rank X we know

20
B=6=(XTX) 'XTy = szzyl

i
e MLE
n ;(yi—0z:)? n
Dlogf(yl9) _ 9~ log(2mo?) — =Uzmly i Y aty
= =0 = 0=
09 09 D1 %
5. Plugging in «* and y* for  and y, respectively, we obtain
B = Sty _ 2@ =2y —y") _ 2((c+dw) — (c+dz))((a+byi) — (a+by))
' Sty S (x — 7*)2 S (e + day) — (c+ dx))?
b @—Dy—9) _ b
dy (x; — x)? d’
N Ak b 3 b 3 R
B = gy -Br = (a+by) — %(de) =a-— cdﬁl + bfy.

6. From lecture, 3 = (X7 X) 1 XTy.

rv [ 8 272 Tt [16.639  —0.486
XX = {272 o318)  — XX =| o486 0.014
<ty _ |7 6 e 7 7 6 6 7]
T |2457 2010 2176 2176 2205 2412 2448 1920
. [35.174
=p _[0.929]

ANOVA Table:

Source of Variation Sum of Squares DF Mean squares F-stat

Model 60.415 1 60.415  50.73
Error(residual) 7.145 6 1.19
Total 67.5 7 9.64
n n n
Z(ﬁz —-9)? = Z(ﬁo + Bz — o — prE)” = B Z(ﬂfz —z)?
1=1 i=1 1=1

S 2 n 52
— (3) S0 = =y P~ Po
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where P, and P; are the orthogonal projection operators onto C'(X) and C(1), respectively.
That is, P,: projection matrix for the model for an intercept and a slope and Pj: projection
matrix under the model with an intercept. From lecture,

Iy (P~ POyl | S@i-9)° _,  SSE_ . T.45

1———=10.894

RP=1- S P-VAT Ui PR N
lyT(I — P1)yl|? >y —y)? SST 67.5

modell=lm (MPG"HP, dat)
plot (dat$HP, dat$MPG)

abline (modell)
summary (modell )
Estimate Std. Error t value Pr(>|t|)
(Intercept) 50.0661 1.5695 31.90 0.0000
HP -0.1390 0.0121  -11.52 0.0000

Residual standard error: 6.174 on 80 degrees of freedom
Multiple R-squared: 0.6239,

Adjusted R-squared: 0.6192

F-statistic: 132.7 on 1 and 80 DF,

p-value: < 2.2e-16

datsMPG
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(b) model2=lm(log (MPG) "HP, dat)

plot (dat$HP, log(dat$MPQG))

abline (model2)
summary ( model2)
Estimate Std. Error t value Pr(>|t|)
(Intercept) 4.0132 0.0401 100.02  0.0000
HP -0.0046 0.0003 -14.87 0.0000

Residual standard error: 0.1578 on 80 degrees of freedom
Multiple R-squared: 0.7344,

Adjusted R-squared: 0.7311

F-statistic: 221.2 on 1 and 80 DF, p-value: < 2.2e-16

log(dat$MPG)
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The scatterplots shows that the linear model fits better for log(M PG). Also, from the R
output, Model2 has a higher Adjusted R-squared compared to Modell, which indicates
that Model2 has better explains the variability in the data better than Modell. Model2

also have a lower residual standard error compared to Modell.

model3=lm (MPG"HP+VOLASP+WT, dat)
summary (model3)



Estimate Std. Error t value Pr(>|t|)
(Intercept) 192.4378 23.5316 8.18 0.0000

HP 0.3922 0.0814 4.82 0.0000
VOL -0.0156 0.0228 -0.69 0.4951
SP -1.2948 0.2448 -5.29 0.0000
WT -1.8598 0.2134 -8.72 0.0000

Residual standard error: 3.653 on 77 degrees of freedom
Multiple R-squared: 0.8733,

Adjusted R-squared: 0.8667

F-statistic: 132.7 on 4 and 77 DF, p-value: < 2.2e-16

E(yo) = E(Go + f1zo + €0)
= Bo + Pixo

Var(yp) = Var(Bo + /31950 + €0)
= Var(Bo + B120) + Var(eo)
= Var(Bo + B120) + o
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