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10-705/36-705: Intermediate Statistics, Fall 2010
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Office Baker Hall 228 A
Email larry @stat.cmu.edu
Phone 268-8727

Office hours Mondays, 1:30-2:30

Class Time  Mon-Wed-Fri 12:30 - 1:20
Location GHC 4307

TAs Wanjie Wang and Xiaolin Yang

Website http://www.stat.cmu.edu/~larry/=stat705

Objective

This course will cover the fundamentals of theoretical statistics. Topics include: point and in-
terval estimation, hypothesis testing, data reduction, convergence concepts, Bayesian inference,
nonparametric statistics and bootstrap resampling. We will cover Chapters 5 — 10 from Casella
and Berger plus some supplementary material. This course is excellent preparation for advanced
work in Statistics and Machine Learning.

Textbook
Casella, G. and Berger, R. L. (2002). Statistical Inference, 2nd ed.

Background

I assume that you are familiar with the material in Chapters 1 - 4 of Casella and Berger.
Other Recommended Texts

Wasserman, L. (2004). All of Statistics: A concise course in statistical inference.

Bickel, P. J. and Doksum, K. A. (1977). Mathematical Statistics.
Rice, J. A. (1977). Mathematical Statistics and Data Analysis, Second Edition.

Grading
10% : Test I (Sept. 16) on the material of Chapters 1-4
20% : Test II (October 14)

20% : Test III (November 7)

30% : Final Exam (Date set by the University)

20% : Homework



Exams
All exams are closed book. Do NOT buy a plane ticket until the final exam has been scheduled.

Homework
Homework assigments will be posted on the web. Hand in homework to Mari Alice Mcshane, 228
Baker Hall by 3 pm Thursday. No late homework.

Reading and Class Notes

Class notes will be posted on the web regularly. Bring a copy to class. The notes are not meant to
be a substitute for the book and hence are generally quite terse. Read both the notes and the text
before lecture. Sometimes I will cover topics from other sources.

Group Work
You are encouraged to work with others on the homework. But write-up your final solutions on
your own.

Course Outline

Quick Review of Chapters 1-4
Inequalities
Vapnik-Chervonenkis Theory
Convergence

Sufficiency

Likelihood

Point Estimation

Minimax Theory
Asymptotics

10. Robustness

11. Hypothesis Testing

12. Confidence Intervals

13. Nonparametric Inference

14. Prediction and Classification
15. The Bootstrap

16. Bayesian Inference

17. Markov Chain Monte Carlo
18. Model Selection
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Lecture Notes 1
Quick Review of Basic Probability

(Casella and Berger Chapters 1-4)

1 Probability Review

Chapters 1-4 are a review. I will assume you have read and understood Chapters
1-4. Let us recall some of the key ideas.

1.1 Random Variables
A random variable is a map X from a probability space (2 to R. We write
PXeA)=P{we: X(w)e€ A})

and we write X ~ P to mean that X has distribution P. The cumulative distribution
function (cdf) of X is
Fx(xz) = F(x) = P(X < x).

If X is discrete, its probability mass function (pmf) is
px(z) =p(z) = P(X = ).

If X is continuous, then its probability density function function (pdf) satisfies

P(XEA):/ApX(x)dx:/p(x)dx

A

and px(x) = p(x) = F'(x). The following are all equivalent:
X~P X~F X~np.
Suppose that X ~ P and Y ~ (). We say that X and Y have the same distribution if
P(X e A)=Q(Y € 4)

for all A. In other words, P = ). In that case we say that X and Y are equal in

distribution and we write X < Y. It can be shown that X < Y if and only if
Fx(t) = Fy(t) for all ¢.

1.2 Expected Values
The mean or expected value of g(X) is

f,oooo g(x)p(x)dx if X is continuous

E(s(X)) = [ g(a)dP(z) = [ g(a)dP(a) ={ S glaplay) i X s discrete



Recall that:

L EQCE 0ig;(X)) = 38 ¢E(g;(X)).

2. If Xq,...,X, are independent then
E (H Xi> =[[Ex
i=1 i

3. We often write p = E(X).
4. 0 =Var(X) =E ((X — p)?) is the Variance.
5. Var (X) = E (X?) — 2.
6. If Xy,...,X, are independent then
Var (Z ain-) = Z a?Var (X;).

i=1 i

7. The covariance is
Cov(X,Y) = E((X — pa) (Y — py)) = E(XY) — puxpiy
and the correlation is p(X,Y’) = Cov(X,Y)/0,0,. Recall that —1 < p(X,Y’) < 1.

The conditional expectation of Y given X is the random variable E(Y|X) whose value,
when X = 7z is

E(Y]X = 2) = / y p(ylz)dy

where p(y|z) = p(z,y)/p(x). The Law of Total Expectation or Law of Iterated Expectation:

E(Y) = E[E(Y|X)] = /E(Y!X = z)px(x)dx.
The Law of Total Variance is
Var(Y) = Var[E(Y|X)] + E[Var(Y|X)].

The n'™ moment is E (X™) and the n'™® central moment is E ((X — p)"). The moment
generating function (mgf) is
Mx(t) =E ().
Then, M ()]0 = E (X™).
If Mx(t) = My (t) for all ¢t in an interval around 0 then X = <y,



1.3 Exponential Families

A family of distributions {p(x;0) : 6 € O} is called an exponential family if

p(a;0) = h(x)c(d) exp {Zwi(ﬁ)ti(x)} .

Example 1 X ~ Poisson(\) is ezponential family since
e AN

z!

1
p(z)=P(X =2) = = —'e_’\ exp{log A - z}.
!

Example 2 X ~ U (0,6) is not an exponential family. The density is

1
px(@) = 5lon (@)

where Ix(x) =1 if v € A and 0 otherwise.

We can rewrite an exponential family in terms of a natural parameterization. For k =1
we have

p(x;n) = h(z) exp{nt(x) — A(n)}
where
Aln) =1og [ ba) expt(a)}
For example a Poisson can be written as
p(x;n) = exp{nz — e"}/x!

where the natural parameter is 1 = log A.
Let X have an exponential family distribution. Then

E (X)) = A'(n), Var(t(X)) = A"(n).

Practice Problem: Prove the above result.

1.4 Transformations

Let Y = g(X). Then

where

Then py (y) = Fy(y)-
If g is monotonic, then

where h = g~ 1.



Example 3 Let px(x) = e for x > 0. Hence Fx(z) =1—e*. Let Y = g(X) = log X.
Then

Fy(y) =P <y) = P(log(X)<y)
— P(X<é¥) = Fy(e!)=1— ¢

and py (y) = eYe= fory € R.

Example 4 Practice problem. Let X be uniform on (—1,2) and let Y = X2. Find the
density of Y.

Let Z = g(X,Y). For exampe, Z = X +Y or Z = X/Y. Then we find the pdf of Z as
follows:

1. For each z, find the set A, = {(x,y) : g(x,y) < z}.
2. Find the CDF

Fi(z) = P(Z<2)=P(X.Y)<2)=P({(z.y) : g(x.y) < 2}) = / / pxy (@, y)dedy.

3. The pdf is pz(z) = FJ(z).

Example 5 Practice problem. Let (X,Y') be uniform on the unit square. Let Z = X/Y .
Find the density of Z.

1.5 Independence
Recall that X and Y are independent if and only if
P(X € AY € B)=P(X € A)P(Y € B)
for all A and B.
Theorem 6 Let (X,Y) be a bivariate random vector with pxy(z,y). X and Y are inde-
pendent iff pxy (x,y) = px (@)py ().

Xq,..., X, are independent if and only if

P(X) € Ay,..., X, € A,) = [[P(Xi € 4)).
i=1
Thus, px,,..x, (21, -, 20) = [ [ px, ().
If Xy,...,X, are independent and identically distributed we say they are iid (or that
they are a random sample) and we write

X,..., Xy~P or Xy,.... X, ~F or Xi,....X,~Dp.



1.6 Important Distributions
X ~ N(u,o?) if

p(x) =

If X € R? then X ~ N(u,Y) if
1 1 Tl
p(x):mexp —é(x—,u) DECESONE

X ~xpit X =370 | Z2 where Zy,...,Z, ~ N(0,1).

X ~ Bernoulli(d) if P(X =1) =6 and P(X =0) = 1 — 0 and hence
p(z) =0°(1—0)'" r=0,1.

X ~ Binomial(#) if

X ~ Uniform(0,0) if p(x) = I(0 <z < 0)/6.

1.7 Sample Mean and Variance

The sample mean is
- 1
X =- Xiv
2

and the sample variance is

n—14%
Let X1,..., X, beiid with y = E(X;) = p and 02 = Var(X;) = 0. Then
2

E(X)=p, Var(X)= % E(S2) = o2

Theorem 7 If Xy,..., X, ~ N(u,c?) then
(a) X ~ N(u, %)
(b) "~

(c) X and S? are independent



1.8 Delta Method
If X ~ N(p,0?),Y = g(X) and 02 is small then

Y~ N(g(p),0*(g'(1)?).
To see this, note that

(X — M)2 "

Y = g(X) = g(u) + (X = p)g' () + ~———3"(¢)

for some £. Now E((X — u)?) = 02 which we are assuming is small and so

Y = g(X) = g(u) + (X — p)g' ().

Thus

Hence,

Appendix: Useful Facts

Facts about sums

n . _ n(ntl)
° dini= "5

Zn 2 — n(n+1)(2n+1)

[ J i=1 6 .
o Geometric series: a +ar +ar’> +... = =, for 0 <r < 1.

. . . _ 1—pn
Partial Geometric series a + ar +ar® + ...+ ar" ! = a(k: ),

Binomial Theorem

(e —itron, 52 (e —wror

=0

e Hypergeometric identity



Common Distributions

Discrete

Uniform

X~U(,...,N)
X takes values z =1,2,..., N

P(X =1)=1/N

N(N+1)

(N+1)

E(X)=Y,aP(X =0) =¥, 0k = 4

e E(X?) =) 2’P(X=u2x)= leﬂ% =
Binomial

e X ~ Bin(n,p)

e X takes values x =0,1,...,n

P(X =)= (3)p"(1—p)"™"

Hypergeometric

X ~ Hypergeometric(N, M, K)

P(X =x)= (t1>((§<)_¥)

Geometric
o X ~ Geom(p)
e P(X=x)=(1—-p*'px=12,...

e E(X)=>,2(1—p)* ' =p>, & (=(1-p)")

Poisson

X ~ Poisson(\)

PX=2)=X2=0,1,2,...

E(X) = Var(X) = A

1
N

2

=]

:p—2:

2

N(N+1)(2N+1)

p
p

— T t *
MX(t) _ Zoo etme AN _ e—)\ Z“;O:O (Ae) —_ e—)\e)\et _

=0 x! x!

1
5

ek(et—l)



o E(X) = el V|5 =\

e Use mgf to show: if X; ~ Poisson(\;), Xy ~ Poisson()\y), independent then Y =
X1 + X5 ~ Poisson(A; + Ag).

Continuous Distributions
Normal
o X ~ N(u,0?)

o p(r) = < exp{h(e - p)?} x € R

o mgf Mx(t) = exp{ut + o?t?/2}.
e E(X)=1p
e Var (X) = o>

e cg,If Z~ N(0,1) and X = pu+0Z, then X ~ N(p,0?). Show this...

Proof.

MX(t) — E (etX) — B (et(N+UZ)) — 6tuE (etO'Z)

etﬂMZ(tO') = et'ue(to-)2/2 — 6t/»1«+t20'2/2

which is the mgf of a N(u,d?).

Alternative proof:

Fx(z) = P<X§x>—P(M+UZ§x)_p(Z§l’—u)

px(@) = Fli(z)=ps (“”)%

which is the pdf of a N(u,o?). O



Gamma

o X ~T'(a, ).

o px(x) = F(al)ﬁa z*Le=*/8 1 a positive real.

o I(a) = [7 B%xo‘_le_x/ﬁda:.

Important statistical distribution: x> = T'(§,2).

o Xo=> 7 X7, where X; ~ N(0,1), iid.

Exponential
e X ~ exponen(p)

o px(z) = %e_’”/ﬂ, x a positive real.

e cxponen(f) = I['(1,5).

e c.g., Used to model waiting time of a Poisson Process. Suppose N is the number of
phone calls in 1 hour and N ~ Poisson(\). Let T be the time between consecutive
phone calls, then T' ~ exponen(1/\) and E (T') = (1/)\).

o If Xy,..., X, areiid exponen(f), then ) . X; ~ I'(n, §).
e Memoryless Property: If X ~ exponen(), then

PX>t+s|X >t)=P(X > s).

Linear Regression

Model the response (Y) as a linear function of the parameters and covariates (x) plus random
error (€).

Y, =0(x,5) + ¢

where
9(3775) = XB = B+ fix1 + Boxa + ...+ Brxy.



Generalized Linear Model

Model the natural parameters as linear functions of the the covariates.
Example: Logistic Regression.

leRs
PY=1X=2)=— .
1+ effe
In other words, Y|X =z ~ Bin(n,p(x)) and
n(z) =pz
where ()
p(x
x) = log (—) )

Logistic Regression consists of modelling the natural parameter, which is called the log odds
ratio, as a linear function of covariates.
Location and Scale Families, CB 3.5
Let p(x) be a pdf.
Location family : {p(z|u) = p(x — u) : p € R}

i

Scale family : {p(x]o) = %f (;) D o> 0}

1 _
Location — Scale family : {p(xm,a) =—f (x M> . peR o> O}
o o
(1) Location family. Shifts the pdf.
e.g., Uniform with p(z) =1 on (0,1) and p(x —60) =1 on (6,0 + 1).
e.g., Normal with standard pdf the density of a N(0,1) and location family pdf N (0, 1).
(2) Scale family. Stretches the pdf.

e.g., Normal with standard pdf the density of a N (0,1) and scale family pdf N(0,c?).
(3) Location-Scale family. Stretches and shifts the pdf.

e.g., Normal with standard pdf the density of a N(0,1) and location-scale family pdf
N(9,0%), ie., Tp(=H) .

10



Multinomial Distribution

The multivariate version of a Binomial is called a Multinomial. Consider drawing a ball
from an urn with has balls with £ different colors labeled “color 1, color 2, ..., color k.”
Let p = (p1,po, ..., pr) Where Zj p; = 1 and p; is the probability of drawing color j. Draw
n balls from the urn (independently and with replacement) and let X = (X3, Xs, ..., X})
be the count of the number of balls of each color drawn. We say that X has a Multinomial
(n,p) distribution. The pdf is

— n 1 Tk
p(z) (:L,l?”"l_k)pl N

Multivariate Normal Distribution

We now define the multivariate normal distribution and derive its basic properties. We
want to allow the possibility of multivariate normal distributions whose covariance matrix is
not necessarily positive definite. Therefore, we cannot define the distribution by its density
function. Instead we define the distribution by its moment generating function. (The reader
may wonder how a random vector can have a moment generating function if it has no density
function. However, the moment generating function can be defined using more general types
of integration. In this book, we assume that such a definition is possible but find the
moment generating function by elementary means.) We find the density function for the
case of positive definite covariance matrix in Theorem 5.

Lemma 8 (a). Let X = AY +b Then
Mx (t) = exp (b't) My (A't).
(b). Let ¢ be a constant. Let Z = cY. Then
Mz(t) = My(ct).

(c). Let
Then

My (t1) = My <t01>

(d). Y1 and Yo are independent if and only if
ty t; 0
M- = M- .
Y(tz) Y<0) Y(tz)

11



We start with 71, ..., Z, independent random variables such that Z; ~ N;(0,1). Let Z
=(Zy,...,%,) . Then

t? t't

Let ;o be an n x 1 vector and A an n x n matrix. Let Y = AZ + p. Then
E(Y)=p cov(Y)=AA" (2)

Let ¥ = AA’. We now show that the distribution of Y depends only on px and X. The
moment generating function My (t) is given by

t'(A’A)t t'Yt
M~ (t) = exp(p/'t) Mz (A't) = exp <,u’t - %) = exp (;/t + ) .
With this motivation in mind, let ; be an nx 1 vector, and let X be a nonnegative definite nxn
matrix. Then we say that the n-dimensional random vector Y has an n-dimenstonal normal
distribution with mean vector u, and covariance matrix ¥, if Y has moment generating
function

2

We write Y ~ N, (u, ). The following theorem summarizes some elementary facts about
multivariate normal distributions.

My (t) = exp <,/t + mt) | (3)

Theorem 9 (a). If Y ~ N, (i, %), then E(Y) = u, cou(Y) = 3.
(b). If Y ~ N, (i, 22), ¢ is a scalar, then cY ~ N, (cp, ).
(c). Let Y ~ Ny(1,2). If A ispxn, b isp x 1, then AY +b ~ N,(Ap+ b, AXA").
(d). Let p be any n X 1 vector, and let ¥ be any n X n nonnegative definite matriz. Then
there exists Y such that Y ~ Np(u, ).

Proof. (a). This follows directly from (2) above.

(b) and (c). Homework.

(d). Let Zy,...,Z, be independent, Z; ~ N(0,1). Let Z = (Zy,...,7Z,). It is easily
verified that Z ~ N, (0, I). Let Y = X'/2Z 4 . By part b, above,

Y ~ N, (SY20 4 1, ).

O

We have now shown that the family of normal distributions is preserved under linear
operations on the random vectors. We now show that it is preserved under taking marginal
and conditional distributions.

12



Theorem 10 Suppose that Y ~ N, (u, ). Let

Y — (Y1>’ = (Ml)7 Y (211 212).
Y, Lo 291 292
where Y1 and py are p X 1, and 311 is p X p.
(a). Y1~ Np(/ﬁl, Y1), Yo~ Nn—p(:u% ¥92).

(b). Y1 and Yy are independent if and only if 15 = 0.
(c). If X9 > 0, then the condition distribution of Y1 given Yo is

Y1|Y2 ~ Ny + S19355 (Yo — p2), X11 — S12355 S ).

Proof. (a). Let t' = (t/, t}) where t; is p x 1. The joint moment generating function of
Yl and YQ is

1
MY(t) = exp(u’ltl + ,MIQtQ + i(tllzlltl + tllzlgtg + tlzzgltl + t,2222t2))
Therefore,
t / 1 / 0 / 1 /
MY 0 = exp(ultl + §t1211t1), MY ¢ = exp(u2t2 + §t2222t2>.
2

By Lemma 1C, we see that Y1 ~ Np(,ul, 211),Y2 ~ Nn,p(/ﬁg, 222).
(b). We note that
t; 0
MY(t) = MY<0>MY(t )
2

t1 10ty + th 001ty = 0.

if and only if

Since ¥ is symmetric and t5Y9t; is a scalar, we see that t5¥9t; = t]32ts.
Finally, t'¥2to = 0 for all t; € RP,t, € R P if and only if 15 = 0, and the result follows
from Lemma 1d.

(c). We first find the joint distribution of

X=Y; - %355, Y; and Y.

)-C0 )R

Therefore, by Theorem 2c, the joint distribution of X and Y, is

(X) - N ((Ml — Z3122221#2) (En — E1222721221 0))
Yo " 2 "\ 0 222

and hence X and Y5 are independent. Therefore, the conditional distribution of X given Y,
is the same as the marginal distribution of X,

X[Y2 ~ Np(p1 — Y1950 fl2, B11 — L1235 Sa1).

13



Since Y5 is just a constant in the conditional distribution of X given Y5 we have, by Theorem
2¢, that the conditional distribution of Y; = X + 2122;21Y2 given Y is

Y1[Ys ~ Ny(p1 — S1235; pi2 + S12555 Yo, D11 — B12355;, 501)
Note that we need Yy, > 0 in part ¢ so that ¥, exists. (]

Lemma 11 Let Y ~ N, (u, 0T), where Y = (Y1, ..., V), i/ = (1, - - i) and 0® >0 is a
scalar. Then the Y; are independent, Y; ~ Ny(u, %) and

Iy Yy (u’u)

= X
o2 o2 "\ o2

Proof. Let Y; be independent, Y; ~ Ni(u;, 0%). The joint moment generating function
of the Y] is

n

1 1
My (t) = [ [(exp(uiti + 50°t7)) = exp(p't + 50°t't)

, 2 2

i=1
which is the moment generating function of a random vector that is normally distributed
with mean vector y and covariance matrix o?I. Finally, Y'Y = XY? p/pu = Zp? and

Y;/o ~ Ni(u;/o,1). Therefore Y'Y /o? ~ x2(1/p/c?) by the definition of the noncentral x?
distribution. [
We are now ready to derive the nonsingular normal density function.

Theorem 12 Let Y ~ N,(u, ), with ¥ > 0. Then Y has density function

1 1 -1
py()’):WGXP<—§(Y—M)E (y—ﬂ>)-

Proof. We could derive this by finding the moment generating function of this density
and showing that it satisfied (3). We would also have to show that this function is a density
function. We can avoid all that by starting with a random vector whose distribution we

know. Let
Z~N,(0,1). Z=(Zy,...,2Z,).

Then the Z; are independent and Z; ~ N;(0,1), by Lemma 4. Therefore, the joint density
of the Z; is

n

o= reen () o ()

i=1

Let Y = XY2Z + p. By Theorem 2¢, Y ~ N,(1,%). Also Z = ©7Y2(Y — p), and the
transformation from Z to Y is therefore invertible. Furthermore, the Jacobian of this inverse

transformation is just | 71/2| = |3|7"/2. Hence the density of Y is
_ 1
py(y) = pz(EP(y —p)) DIk

1 1 ry—1
= Wexp<—§(y—ﬂ)2 (y—u)).

14



O
We now prove a result that is useful later in the book and is also the basis for Pearson’s
2
X~ tests.

Theorem 13 Let Y ~ N,(u,X), ¥ > 0. Then
(a). YSTY ~xa (/S ).
(b). (Y = @) 7Y = ) ~ x3,(0).

Proof. (a). Let Z = ©7Y2Y ~ N, (37124, 1). By Lemma 4, we see that
ZZ7Z=Y'YS'Y ~ (/S ).

(b). Follows fairly directly. O

The Spherical Normal

For the first part of this book, the most important class of multivariate normal distribution

is the class in which
Y ~ N,(u1,0°T).

We now show that this distribution is spherically symmetric about p. A rotation about p is
given by X = I'(Y — p) + p, where I" is an orthogonal matrix (i.e., I'T" = I). By Theorem
2, X ~ N,(u,0°T), so that the distribution is unchanged under rotations about p. We
therefore call this normal distribution the spherical normal distribution. If 0? = 0, then
P(Y = p) = 1. Otherwise its density function (by Theorem 4) is

) = 5 iy~ P
=————exp|——|ly — .
PY ) = gyarzgn &P ~gpally — o
By Lemma 4, we note that the components of Y are independently normally distributed

with common variance o2. In fact, the spherical normal distribution is the only multivariate
distribution with independent components that is spherically symmetric.

15



Lecture Notes 2

1 Probability Inequalities

Inequalities are useful for bounding quantities that might otherwise be hard to compute.
They will also be used in the theory of convergence.

Theorem 1 (The Gaussian Tail Inequality) Let X ~ N(0,1). Then

9 —€2/2
P(X|>¢) < —

If X1,..., X, ~ N(0,1) then

— 1 2
P(X,|>¢€) < —net/2,
(| Xn| >€) < \/ﬁee

Proof. The density of X is ¢(z) = (2r)~"/2e~**/2. Hence,

P(X >¢) = /00 o(s)ds < 1/Oocsxb(gS’)ds

By symmetry,
P(X| > ) <

Now let Xi,...,X,, ~ N(0,1). Then X, =nt> " X; ~ N(0,1/n). Thus, X, = L p-l2g
where Z ~ N(0,1) and

_ 1
P(|X,| > €) =P(n Y2Z| > ) =P(|Z] > Vn €) < —e /2,



Theorem 2 (Markov’s inequality) Let X be a non-negative random variable and suppose
that E(X) exists. For anyt > 0,

P(X > 1) < @. (1)

Proof. Since X > 0,

e}

EX) = [ ap dx:/otxp(x)dx—i—/tooxp(x)dx

()
rp(x)de >t /00 p(r)dr =tP(X > t).

o0

>

J
J

Theorem 3 (Chebyshev’s inequality) Let u = E(X) and o* = Var(X). Then,

0_2

1
PIX —p 2<% and P(Z]2H) < o (2)

where Z = (X — p)/o. In particular, P(|Z] > 2) < 1/4 and P(|Z| > 3) < 1/9.

Proof. We use Markov’s inequality to conclude that

E(X —p)? o2
PUX ] > 1) = B(X it > ) < BE 1) _ 07

The second part follows by setting ¢t = ko. [

If X1,...,X, ~ Bernoulli(p) then and X,, = n=! " | X; Then, Var(X,,) = Var(X;)/n =
p(1 —p)/n and

— Var(X,) p(1—p) 1
P(lX, —p|l >¢) < = <
( Pl>e) < €2 nez T 4ne?

since p(1 — p) < 1 for all p.

2 Hoeffding’s Inequality

Hoeffding’s inequality is similar in spirit to Markov’s inequality but it is a sharper inequality.
We begin with the following important result.

Lemma 4 Supppose that E(X) =0 and that a < X <b. Then

E(etX) < etQ(b—a)2/8'



Recall that a function g is convex if for each z,y and each « € [0, 1],

glaz + (1 —a)y) < ag(z) + (1 — a)g(y).

Proof. Since a < X < b, we can write X as a convex combination of a and b, namely,
X =ab+ (1 —a)a where o = (X —a)/(b—a). By the convexity of the function y — e we
have

ete.

X —a , N b—X
e

b—a b—a

Take expectations of both sides and use the fact that E(X) = 0 to get

e X <ae + (1 —a)e' =

EetX < i i aetb + yp— aet“ = 9(¥) (3)

where v = t(b — a), g(u) = —yu + log(1 — v + ve*) and v = —a/(b — a). Note that
g(0) = ¢'(0) = 0. Also, g" (u) < 1/4 for all u > 0. By Taylor’s theorem, there is a ¢ € (0, u)
such that

2 ” U/Z ”

gu) = g(0) +ug (0) + =g (6) = S g"(¢) < %2 _

t2(b — a)?
> —_

8

Hence, Ee'X < e9(w) < *(0-a)*/8 ]

Next, we need to use Chernoff’s method.

Lemma 5 Let X be a random variable. Then

P(X > ¢) <inf e “E(e"Y).

>0
Proof. For any t > 0,
P(X >€) = P(e® > ) = P(e" > €') < e E(e™Y).
Since this is true for every ¢ > 0, the result follows. [J

Theorem 6 (Hoeffding’s Inequality) LetYi,...,Y, be iid observations such that E(Y;) =
woanda<Y; <bwherea <0<b. Then, for any € > 0,

P(Y, = pl =€) <2en/0, (4)
Proof. Without los of generality, we asume that ;1 = 0. First we have

P(Y,|>¢) = P(Y,
_ Py,

w



Next we use Chernoff’s method. For any ¢ > 0, we have, from Markov’s inequality, that

PY,>¢ = P <ZY; > ne) =P (eZ?:ly" > e“)
=1
- P (61&2?:11@- > 6tne> < e~ tneR (etZ?zlYi)

= e ] [E(™) = e @)

From Lemma 4, E(e'i) < e*(0-0)°/8_ g
P(Y, > €) < e treetnb-a)*/8,
This is minimized by setting t = 4¢/(b — a)? giving
P(Y, >¢€) < ¢ /(-0
Applying the same argument to P(—Y,, > ¢) yields the result. [J

Example 7 Let Xi,..., X, ~ Bernoulli(p). Chebyshev’s inequality yields

— 1
P(lX, —p| >¢) < )
(X =pl>0 <

According to Hoeffding’s inequality,
P(|X, —p| > €) < 2e72"¢
which decreases much faster.
Corollary 8 If X, X,,..., X, are independent with P(a < X; < b) =1 and common mean

i, then, with probability at least 1 — ¢,

— c 2
%l <y e () )
where ¢ = (b — a)?.

3 The Bounded Difference Inequality

So far we have focused on sums of random variables. The following result extends Hoeffding’s
inequality to more general functions g(z1, ..., z,). Here we consider McDiarmid’s inequality,
also known as the Bounded Difference inequality.



Theorem 9 (McDiarmid) Let X,..., X, be independent random variables. Suppose that

/
sup  (g(T1, o5 Tic1, Tiy Tig1, -+ Tn) — G(T1, - T, Ty Tig1s - -, Tp)

fori=1,....,n. Then

i=1Ci

]P’(g(Xl, X)) —E(g(Xn, . X)) > e> < exp {_%} . (7)

Proof. Let V; = E(g| X3, ..., X;)—E(g| X1, ..., X;—1). Then (X1, ..., X,)—E(g9(Xy,..., X)) =
Yo, Viand E(Vj|Xq,..., X;_1) = 0. Using a similar argument as in Hoeffding’s Lemma we
have,

E(etV: LX) < ebels, (8)

Now, for any t > 0,

P(g(Xy1,..., X)) —E(g(Xy,...,X,)) =€) = P(Zw 26)

— R <6t2?_11 ViR (etv

< efteet%i/sE( L ’1V>

2 2
< e—teet e 101‘

The result follows by taking t = 4e/> " O

zlz

Example 10 If we take g(x1,...,x,) =n"' > " | x; then we get back Hoeffding’s inequality.
Example 11 Suppose we throw m balls into n bins. What fraction of bins are empty? Let

Z be the number of empty bins and let F = Z/n be the fraction of empty bins. We can write
Z =% " ,Z; where Z; =1 of bin i is empty and Z; = 0 otherwise. Then

ZE 1 _ ]_/n) nemlog(l—l/n) ~ ne—m/n

and § = E(F) = p/n ~ e™™™. How close is Z to u? Note that the Z;’s are not independent
so we cannot just apply Hoeffding. Instead, we proceed as follows.



Define variables X1, . .., X, where X = i if ball s falls into bini. Then Z = g(X1,..., Xm)-
If we move one ball into a different bin, then Z can change by at most 1. Hence, (6) holds

with ¢; = 1 and so
P(|Z — p| > t) < 2e720/m,

Recall that he fraction of empty bins is F' = Z/m with mean 0 = p/n. We have

P(|F — 0| > t) = P(|Z — pu| > nt) < 2e~270/m

4 Bounds on Expected Values

Theorem 12 (Cauchy-Schwartz inequality) If X and Y have finite variances then

E|XY| < VE(X2E(Y?). (9)

The Cauchy-Schwarz inequality can be written as
Cov?(X,Y) < 0% 0%.
Recall that a function g is convex if for each x,y and each « € [0, 1],
glaz + (1 — a)y) < ag(z) + (1 — a)g(y).

If g is twice differentiable and ¢”(z) > 0 for all z, then g is convex. It can be shown that if
g is convex, then g lies above any line that touches g at some point, called a tangent line.
A function g is concave if —g is convex. Examples of convex functions are g(x) = z* and
g(z) = e®. Examples of concave functions are g(z) = —z? and g(x) = log z.

Theorem 13 (Jensen’s inequality) If g is convez, then
Eg(X) > g(EX). (10)

If g is concave, then
Eg(X) < g(EX). (11)

Proof. Let L(z) = a+ bz be a line, tangent to g(z) at the point E(X). Since g is convex,
it lies above the line L(x). So,
Eg(X) >EL(X)=E(a+bX) =a+bE(X) = L(E(X)) = g(EX).

g

Example 14 From Jensen’s inequality we see that E(X?) > (EX)2.

6



Example 15 (Kullback Leibler Distance) Define the Kullback-Leibler distance between

two densities p and q by
p(z)
Dp,q:/pxlo( )da:.
n.0)= [ ple)tos (2

Note that D(p,p) = 0. We will use Jensen to show that D(p,q) > 0. Let X ~ f. Then
x

“D(p,q) = Elog (%) < logE (;%) — log / p(x)]%dz = log / g(x)dz = log(1) = 0.

So, —D(p,q) <0 and hence D(p,q) > 0.

Example 16 [t follows from Jensen’s inequality that 3 types of means can be ordered. As-

sume that ay, . .., a, are positive numbers and define the arithmetic, geometric and harmonic
means as
1
ayx = —(a1+...+ap)
n
ag = (ay X ... X a,)""
1
a =
TOLE 4+ L)

Then ag < ag < ay.

Suppose we have an exponential bound on P(X,, > €). In that case we can bound E(X,,)
as follows.

Theorem 17 Suppose that X,, > 0 and that for every e > 0,
P(X, > €) < cre=2" (12)

for some co > 0 and ¢; > 1/e. Then,

E(X,) < /= (13)

where C' = (1 4 log(c1))/ca.

Proof. Recall that for any nonnegative random variable Y, E(Y) = fooo P(Y > t)dt.
Hence, for any a > 0,

E(X?2) = / P(X2 > t)dt = / P(X2 > t)dt +/ P(X2>t)dt <a +/ P(X2 > t)dt.
0 0 a a

Equation (12) implies that P(X, > v/t) < c;e™ ™. Hence,

e c2na

E(X}) < a+ / P(X2 > t)dt = a+ / P(X, > Vi)dt <a+c / e~ dt = a +
a a a Ca M

7



Set a = log(cy)/(ncs) and conclude that

1 1 1+1
E(Xz) S Og(cl) + _ + Og(cl)‘

nce nce nco

E(X,) < VE(XE) < | )
O

Now we consider bounding the maximum of a set of random variables.

Finally, we have

Theorem 18 Let Xy,..., X, be random wvariables. Suppose there exists o > 0 such that
E(eXi) < e'*/2 for all t > 0. Then

E (max Xz-) < o+/2logn. (14)

1<i<n

Proof. By Jensen’s inequality,

exp {tE (max XZ-) } < E (exp {t max XZ})
1<i< 1<i<n

= E <max exp {tXi}) < Z]E (exp {tX;}) < net’ /2,

1<i<n -
=1

Thus,

2
E (max XZ) < 10§n 4 ti_

1<i<n 2

The result follows by setting ¢t = y/2logn/o. O

5 Op and op

In statisics, probability and machine learning, we make use of op and Op notation.

Recall first, that a,, = o(1) means that a, — 0 as n — oco. a, = o(b,) means that
an /b, = o(1).

a, = O(1) means that a, is eventually bounded, that is, for all large n, |a,| < C for some
C > 0. a, = O(b,) means that a,/b, = O(1).

We write a,, ~ b, if both a, /b, and b, /a, are eventually bounded. In computer sicence
this s written as a,, = ©(b,) but we prefer using a,, ~ b, since, in statistics, © often denotes
a parameter space.

Now we move on to the probabilistic versions. Say that Y,, = op(1) if, for every € > 0,

P(|Y,| > €) — 0.



Say that Y, = op(a,) if, Y,/a, = op(1).
Say that Y,, = Op(1) if, for every € > 0, there is a C' > 0 such that

P(|Y,| > C) <e.
Say that Y,, = Op(a,) if Y,,/a, = Op(1).

Let’s use Hoeffding’s inequality to show that sample proportions are Op(1/4/n) within
the the true mean. Let Y3,...,Y, be coin flipsi.e. Y; € {0,1}. Let p =P(Y; = 1). Let

PO

We will show that: p,, —p = op(1) and p,, — p = Op(1/y/n).
We have that
~ _ 2
P(|pn —p| > €) <27 =0

and so p, —p = op(1). Also,

P(/Alp, —pl > C) = P(m—m > %)

< 2e72* < §

if we pick C large enough. Hence, \/n(p, —p) = Op(1) and so

oreor()

Now consider m coins with probabilities py,..., p,. Then

P(m]ax D; —pj| >¢€) < Z]P’(\@ —pjl >€)  union bound
j=1

< 22672"62 Hoeffding
j=1

= 2me 2" =2exp {—(2ne* —logm)} .
Supose that m < e" where 0 < v < 1. Then

P(max |p; — pj| > €) < 2exp {—(2ne* —n?)} — 0.
j

Hence,
max [p; — pj| = op(1).



Lecture Notes 3

1 Uniform Bounds

Recall that, if Xi,...,X, ~ Bernoulli(p) and p, = n 'Y "' | X, then, from Hoeffding’s
inequality,
P(|p, —p| > ¢€) < 2e~ 2"

Sometimes we want to say more than this.

Example 1 Suppose that Xy, ..., X,, have cdf F. Let
1 n
F,(t)=— 1(X; <1t).
0= <o

We call F,, the empirical cdf. How close is F,, to F'? That is, how big is |F,(t) — F(t)|?
From Hoeffding’s inequality,

P(|E,(t) — F(t)] > €) < 2e72"
But that is only for one point t. How big is sup, |F,,(t) — F(t)|? We would like a bound of
the form
P (Sup |FL.(t) — F(t)] > e) < something small.
t

Example 2 Suppose that Xy,..., X, ~ P. Let
1 n

P.,(A)=-)» I(X;€A).

= DI e 4)

How close is P,(A) to P(A)? That is, how big is |P,(A) — P(A)|? From Hoeffding’s inequal-
ity,

P(|P,(A) — P(A)] > €) < 2¢ 2"
But that is only for one set A. How big is sup gc 4 |Po(A) — P(A)| for a class of sets A? We
would like a bound of the form

P (sup |P.(A) — P(A)| > e) < something small.
AeA

Example 3 (Classification.) Suppose we observe data (X1,Y1),...,(Xn,Y,) where Y; €
{0,1}. Let (X,Y) be a new pair. Suppose we observe X. Now we want to predict Y. A
classifier h is a function h(z) which takes values in {0,1}. When we observe X we predict
Y with h(X). The classification error, or risk, is the probability of an error:

R(h) = P(Y # h(X)).

1



The training error is the fraction of errors on the observed data (X1,Y1), ..., (X, Yy):
~ 1 <
h)=— 1(Y; # h(X;)).
R(h) n;;< # h(X;))

By Hoeffding’s inequality,
P(|R(h) — R(h)| > €) < 2e72"¢,

How do we choose a classifier? One way is to start with a set of classifiers H. Then we
define h to be the member of H that minimizes the training error. Thus

h= argminheﬂﬁ(h).
An example is the set of linear classifiers. Suppose that x € R?. A linear classifier has
the form h(xz) =1 of T2 >0 and h(z) = 0 of BTz < 0 where 8= (B1,...,Ba)T is a set of

parameters. N
Although h minimizes R(h), it does not minimize R(h). Let h, minimize the true error

-~ ~

R(h). A fundamental question is: how close is R(h) to R(h.)? We will see later than R(h)
is close to R(h.) if supy, |R(h) — R(h)| is small. So we want

P (sup |R(h) — R(h)| > e) < something small.
h

More generally, we can state out goal as follows. For any function f define
1 n
P = [ F@dP@), Pu(H) == > (X
i=1

Let F be a set of functions. In our first example, each f was of the form fi(x) = I(z <'t)
and F ={f;: t € R}
We want to bound
P (sup R - PU > €]
feF
We will see that the bounds we obtain have the form

P (suplPah) — PO > €) < cantF)e

fer

2

where ¢; and ¢y are positive constants and x(F) is a measure of the size (or complexity) of
the class F.

Similarly, if A is a class of sets then we want a bound of the form

P (sup |Pa(A) — P(A)| > e) < crr(A)e
AeA
where P,(A) =n"1tY " I(X; € A).
Bounds like these are called uniform bonds since they hold uniformly over a class of
functions or over a class of sets.



2 Finite Classes
Let F = {fi,..., fn}. Suppose that

(z)| <
1I§n%>§vsgp|fg($)\ <B.

We will make use of the union bound. Recall that

P(Alu---UAN) < ZZ::P(AJ')-

Let A; be the event that |P,(f;) — P(f)] > e From Hoeffding’s inequality, P(4;) <
2e~"<"/2B%)  Then

P (suplR (0 - P> ) = P Uy

feF
N N
STP(A)) <Y 26/ RED = g e/ B,
j=1

Jj=1

IN

Thus we have shown that

P <sup P(f) = P(F)| > ) < et 25
feF

where k = | F|.
The same idea applies to classes of sets. Let A = {A,..., Ay} be a finite collection of
sets. By the same reasoning we have

P (sup |P.(A) — P(A)| > e) < ke e/ (2B%)
AeA

where k = |F| and P,(A) =n"'>"" | I(X; € A).
To extend these ideas to infinite classes like F = {f; : t € R} we need to introduce a
few more concepts.

3 Shattering

Let A be a class of sets. Some examples are:
1. A={(—o0,t]: t € R}.
2. A={(a,b): a <b}.
3. A={(a,b)U(c,d): a <b<c<d}.



4. A = all discs in R%.

5. A = all rectangles in R

6. A = all half-spaces in R? = {z: Tz > 0}.

7. A = all convex sets in R%.

Let F' = {zy,...,z,} be a finite set. Let G be a subset of F. Say that A picks out G if
ANF =G

for some A € A. For example, let A = {(a,b) : a < b}. Suppose that F' = {1,2,7,8,9} and
G = {2,7}. Then A picks out G since AN F = G if we choose A = (1.5,7.5) for example.
Let S(A, F') be the number of these subsets picked out by A. Of course S(A, F) < 2™,

Example 4 Let A= {(a,b) : a <b} and F ={1,2,3}. Then A can pick out:
0, {1}, {23, {3}, {1,2},{2,3},{1,2,3}
So s(A, F) =T. Note that 7T <8 =23 If F = {1,6} then A can pick out:

0, {1},{6},{1,6}.
In this case s(A, F) =4 = 22

We say that F' is shattered if s(A, F') = 2" where n is the number of
points in F'.

Let F,, denote all finite sets with n elements.

Define the shatter coefficient

sn(A) = sup s(A, F).

FeF,

Note that s,(A) < 27.

The following theorem is due to Vapnik and Chervonenis. The proof is beyond the scope
of the course. (If you take 10-702/36-702 you will learn the proof.)



Class A VC dimension V4

A={A, ..., An} <log, N
Intervals [a, b] on the real line 2
Discs in R? 3
Closed balls in R? <d+2
Rectangles in R? 2d
Half-spaces in R¢ d+1
Convex polygons in R? 00
Convex polygons with d vertices 2d + 1

Table 1: The VC dimension of some classes .A.

Theorem 5 Let A be a class of sets. Then

P (sup |P.(A) — P(A)| > e) < 8 5,(A) /32, (1)
AeA

This partly solves one of our problems. But, how big can s,(.A) be? Sometimes s,(A) =
2" for all n. For example, let A be all polygons in the plane. Then s,(A) = 2" for all n.
But, in many cases, we will see that s,(.A) = 2" for all n up to some integer d and then
sp(A) < 2™ for all n > d.

The Vapnik-Chervonenkis (VC) dimension is
d=d(A) = largest n such that s,(A) = 2".

In other words, d is the size of the largest set that can be shattered.

Thus, s,(A) = 2" for all n < d and s,(A) < 2" for all n > d. The VC dimensions of
some common examples are summarized in Table 1. Now here is an interesting question: for
n > d how does s,(A) behave? It is less than 2" but how much less?

Theorem 6 (Sauer’s Theorem) Suppose that A has finite VC dimension d. Then, for
alln > d,
S(A,m) < (n+ 1) )



We conclude that:

Theorem 7 Let A be a class of sets with VC dimension d < oo. Then
P (sup |P.(A) — P(A)| > e) <8 (n+1)% e /32, (3)
AeA

Example 8 Let’s return to our first example. Suppose that Xy, ..., X, have cdf F. Let
1 n
F,(t)=— 1(X; <1t).
=3I <)

We would like to bound P(sup, |F,(t) — F(t)| > €). Notice that F,(t) = P,(A) where A =
(—o0,t]. Let A= {(—o0,t]: t € R}. This has VC dimension d =1. So

Plsup|Fu(t) = F(t)] > €) =P (31613|Pn(f1) — P(A)| > e) <8 (n41) e/

In fact, there is a tighter bound in this case called the DKW (Dwvoretsky-Kiefer- Wolfowitz)

mequality:
2

P(sup | Fy(t) — F(t)| > €) < 2e2"<.
t

4 Bounding Expectations

Eearlier we saw that we can use exponential bounds on probabilities to get bounds on

expectations. Let us recall how that works.
Consider a finite collection A = {A;,..., An}. Let

We know that
P(Z, > ¢€) < 2me "<, (4)

But now we want to bound

B(Z0) = (mg 1P (4) — P )

1<j<N

We can rewrite (4) as
P(Z2 > ¢?) < 2Ne 2.

or, in other words,
P(Z? >t) <2Ne ™,

Recall that, in general, if Y > 0 then



Hence, for any s,
E(Z?) = /Oo P(Z% > t)dt
0
= /0 P(Z} > t)dt + /Oo P(Z2 > t)dt
< s+/OOIP(Z,§ > t)dt
< 542N /00 e 2" dt
—2ns
= 542N (6 o >

N _
= s+ —e 28,
n

Let s =log(N)/(2n). Then

_log N
2 n 2n

1 logN +2

N
E(Z2) < s+ —e 2"
n

Finally, we use Cauchy-Schwartz:

E(Z,) < VE@) < 202 =0 ( IOiN) |

E < max | Pa(A;) — P(Aj)|) ~0 ( 10gN> |

In summary:

1<j<N n

For a single set A we would have E|P,(A) — P(A)| < O(1/y/n). The bound only increases
logarithmically with V.



Lecture Notes 4

1 Random Samples

Let X1,..., X, ~ F. A statistic is any function T'= g(X3, ..., X,,). Recall that the sample

mean is
n
— 1
n <
=1

and sample variance is

n—14%
=1

Let u = E(X;) and 0% = Var(X;). Recall that
2
E(X,)=u, Var(X,)=—, E(S?) =0

n?
Theorem 1 If Xi,..., X, ~ N(u,0?) then X,, ~ N(u,0%/n).

Proof. We know that
My, (s) = phsto®s® /2.

So,

t

Mg, () = E(e™) = E(eF %)
_ (EetXi/n)n _ (MX(t/n))" _ (e(ut/n)+g’2t2/(2n2)>n

0_2752
= expy ut+ "2

which is the mgf of a N(u,0%/n). B

Example 2 (Ezample 5.2.10). Let Z,, ..., Z, ~ Cauchy(0,1). Then Z, ~ Cauchy(0,1).
Lemma 3 If Xy,..., X, ~ N(u,c?) then

Xn— 1
T,=——++ ~t,1 ~N(0,1).
S/Vn 1R NOD)
Let X(1),..., X, denoted the ordered values:

X=X s =X

Then X(yy,..., X, are called the order statistics.



2 Convergence

Let X4, X5,... be a sequence of random variables and let X be another random variable.
Let F;, denote the cdf of X,, and let I’ denote the cdf of X.

1. X, converges almost surely to X, written X,, =% X if, for every ¢ > 0,

P(lim | X, — X| <€) = 1. (1)

n—oo

2. X,, converges to X in probability, written X, R X, if, for every € > 0,
P(|X, — X|>¢) =0 (2)
as n — oo. In other words, X,, — X = op(1).

3. X,, converges to X in quadratic mean (also called convergence in L), written
X, X, if
E(X, — X)2 =0 (3)

as n — 00.
4. X,, converges to X in distribution, written X, ~» X if

lim F,(t) = F(t) (4)

n—o0

at all ¢ for which F' is continuous.

Convergence to a Constant. A random variable X has a point mass distribution if
there exists a constant ¢ such that P(X = ¢) = 1. The distribution for X is denoted by 4.

and we write X ~ J.. If X, A 0. then we also write X, e Similarly for the other types
of convergence.

Theorem 4 X, 3 X if and only if, for every e > 0,
lim P(sup | X,, — X| <e€) =1.

n—oo m>n

Example 5 (Ezample 5.5.8). This example shows that convergence in probability does not
imply almost sure convergence. Let S = [0,1]. Let P be uniform on [0,1]. We draw S ~ P.
Let X(s) = s and let

X =s+ ][071](8), Xg =5+ 1[071/2}(8)a Xs=s+ 1[1/271]<S)
Xy =s+1pa3/(s), Xs=s+1Ins2m(s), Xe=s+Ipmu(s)

ete. Then X, = X. But, for each s, X,(s) does not converge to X (s). Hence, X,, does not
converge almost surely to X.



Example 6 Let X, ~ N(0,1/n). Intuitively, X, is concentrating at 0 so we would like to
say that X, converges to 0. Let’s see if this is true. Let F' be the distribution function for
a point mass at 0. Note that \/nX, ~ N(0,1). Let Z denote a standard normal random
variable. Fort < 0,

F.(t) =P(X, <t) =P(v/nX, < /nt) =P(Z < +/nt) =0
since \/nt — —oo. Fort >0,
Fo(t) = P(X, < t) = P(vnX, < Vit) = P(Z < v/nt) — 1

since \/nt — oo. Hence, F,(t) — F(t) for allt # 0 and so X, ~ 0. Notice that F,(0) =
1/2 # F(1/2) = 1 so convergence fails at t = 0. That doesn’t matter because t = 0 is
not a continuity point of I and the definition of convergence in distribution only requires
convergence at continuity points.

Now consider convergence in probability. For any € > 0, using Markov’s inequality,

E
P(|X,| >¢) = P(X,]*>¢€) <

as n — oco. Hence, X, £o.
The next theorem gives the relationship between the types of convergence.

Theorem 7 The following relationships hold:
(a) X, &8 X implies that X, X,
(b) X, 5 X implies that X,, ~ X.
(c) If X;, ~ X and if P(X = ¢) =1 for some real number ¢, then X, X
(d) X, 23 X implies X, 5 X.
In general, none of the reverse implications hold except the special case in (c).

Proof. We start by proving (a). Suppose that X, &% X. Fix € > 0. Then, using
Markov’s inequality,

E|X, — X|?
<= 1 5

P(|X, — X|>¢) =P(|X, — X|* > €) 0.

2
Proof of (b). Fix € > 0 and let « be a continuity point of F'. Then

F.(z) = PX,<2)=PX, <z, X<z+¢€+PX,<z2,X>z+¢€)
< P(X<z+6e)+P(X,— X|>¢)
= Flx+e)+P(X,— X|>e).



Also,

Flz—e) = PX<z—-6)=PX<z—-6X,<2)+PX<z-—¢X,>1)
< Fu(z) +P(X, — X| > e).

Hence,
Flz—¢) = P(|X, = X|>¢) < F,(z) < F(z+e¢) + P(|X,, — X| >e).
Take the limit as n — oo to conclude that

F(zx —¢) <liminf F,(z) < limsup F,(z) < F(x + ¢€).

n—o0 n—oo

This holds for all e > 0. Take the limit as e — 0 and use the fact that F' is continuous at z
and conclude that lim,, F,,(z) = F(x).

Proof of (c). Fix € > 0. Then,

P(|X,—c|>¢) = PX,<c—¢)+P(X, >c+e)
P(X, <c—e€)+P(X, >c+e)
F.lc—e)+1—F,(c+e)
Flc—¢e)+1—F(c+e)

= 04+1-1=0.

IN

1

Proof of (d). This follows from Theorem 4.
Let us now show that the reverse implications do not hold.

Convergence in probability does not imply convergence in quadratic mean. Let U ~ Unif(0, 1)
and let X, = v/nlo1/n)(U). Then P(|X,,| > €) = P(v/nlo1/n)(U) >€) =P(0<U < 1/n) =
1/n — 0. Hence, X, £ 0. But E(X2) =n 01/" du =1 for all n so X,, does not converge in
quadratic mean.

Convergence in distribution does not imply convergence in probability. Let X ~ N(0,1).
Let X,, = —X for n = 1,2,3,...; hence X,, ~ N(0,1). X, has the same distribution
function as X for all n so, trivially, lim, F,,(z) = F(x) for all . Therefore, X,, ~ X. But
P(|X, — X| > ¢€) = P(|12X]| > ¢) = P(|X| > €¢/2) # 0. So X,, does not converge to X in
probability.

The relationships between the types of convergence can be summarized as follows:

q.1m.

!

a.s. — prob — distribution

4



Example 8 One might conjecture that if X, R b, then E(X,) — b. This is not true.
Let X,, be a random variable defined by P(X,, = n?) = 1/n and P(X,, = 0) = 1 — (1/n).
Now, P(|X,| <€) =P(X, =0)=1-(1/n) — 1. Hence, X, L 0. However, E(X,) =
n? x (1/n)] +10 x (1 = (1/n))] =n. Thus, E(X,) — occ.

Example 9 Let Xi,..., X, ~ Uniform(0,1). Let X,y = max; X;. First we claim that
X(n) L1, This follows since

P(| Xy =1 > ) =P(X(y <1—¢) = [[P(Xi<1—¢) = (1 - )" —0.

Also
P(n(l — X)) <t) =P(Xm <1—(t/n))=(1—t/n)" —e "

Son(l - Xu) ~ Exp(1).
Some convergence properties are preserved under transformations.

Theorem 10 Let X,,, X,Y,,Y be random variables. Let g be a continuous function.
(a) If Xp 5 X and Y, B Y, then X, +Y, 5 X + V.
) IFX, B X andY, BY, then X, +Y, B X +V.
(c) If X;, ~ X and Y, ~ ¢, then X,, +Y,, ~ X +c.
(d) If Xo 5 X and Y, B Y, then X,,Y, & XY
(e) If X;, ~ X and Y, ~ ¢, then XY, ~ cX.
(F) If X, 5 X, then g(X,) 5 g(X).
(9) If X;, ~ X, then g(X,,) ~ g(X).

e Parts (c) and (e) are know as Slutzky’s theorem
e Parts (f) and (g) are known as The Continuous Mapping Theorem.

e [t is worth noting that X,, ~»~ X and Y,, ~» Y does not in general imply that X,, +Y,, ~
X+Y.

3 The Law of Large Numbers

The law of large numbers (LLN) says that the mean of a large sample is close to the mean
of the distribution. For example, the proportion of heads of a large number of tosses of a
fair coin is expected to be close to 1/2. We now make this more precise.

Let X1, Xo, ... be an iid sample, let 4 = E(X;) and 02 = Var(X;). Recall that the sample
mean is defined as X, =n~1 Y7 | X; and that E(X,,) = p and Var(X,,) = ¢?/n.



Theorem 11 (The Weak Law of Large Numbers (WLLN))
If X1,..., X, are #d, then X, i p. Thus, X, — = op(1).

Interpretation of the WLLN: The distribution of X, becomes more concentrated
around p as n gets large.

Proof. Assume that o < oo. This is not necessary but it simplifies the proof. Using
Chebyshev’s inequality,

— Var(X,, o?
]P’(\Xn—,u\>e)§%:—

which tends to 0 asn — oco.

Theorem 12 The Strong Law of Large Numbers. Let Xi,..., X, be ©id with mean p.
Then X, 53 p.

The proof is beyond the scope of this course.

4 The Central Limit Theorem

The law of large numbers says that the distribution of X, piles up near y. This isn’t enough
to help us approximate probability statements about X,,. For this we need the central limit
theorem.

Suppose that X,..., X, are iid with mean g and variance o2. The central limit the-
orem (CLT) says that X, = n~'>". X; has a distribution which is approximately Normal
with mean p and variance o?/n. This is remarkable since nothing is assumed about the
distribution of X, except the existence of the mean and variance.

Theorem 13 (The Central Limit Theorem (CLT)) Let Xy, ..., X, be iid with mean p
and variance o®. Let X,, =n"! Z,?:l X,;. Then

X, —p _ V(X —p)
Var(X,) g

Zn

Il
|
$
N

where Z ~ N(0,1). In other words,
lim P(Z, <z2)=®(z) = /Z Le_”CQ/de
n—00 n= oo /27 )

Interpretation: Probability statements about X,, can be approximated using a Nor-
mal distribution. It's the probability statements that we are approximating, not the
random variable itself.



A consequence of the CLT is that

— 1

In addition to Z,, ~» N(0, 1), there are several forms of notation to denote the fact that
the distribution of 7, is converging to a Normal. They all mean the same thing. Here they
are:

Z, =~ N(0,1)

X, ~ N(lu,g—)

n

2

n
VX, —p) = N(0,0°%)

X, —

M ~ 0’1

Recall that if X is a random variable, its moment generating function (mgf) is ¢ x(t) =
EeX. Assume in what follows that the mgf is finite in a neighborhood around ¢ = 0.

Lemma 14 Let Z1, Zs, ... be a sequence of random variables. Let 1, be the mgf of Z,,. Let
Z be another random variable and denote its mgf by ¥. If 1, (t) — ¥(t) for all t in some
open interval around 0, then Z, ~ Z.

Proof of the central limit theorem. Let Y; = (X; — u)/o. Then, Z, = n=/? > Y
Let ¢(t) be the mgf of V;. The mgf of >, Y; is (¢0(t))™ and mgf of Z,, is [¢(t//n)]" = &,.(t).
Now ¢'(0) = E(Y1) = 0, ¢"(0) = E(Y{?) = Var(Y1) = 1. So,

2 3
D) = 6(0)+1/(0) + Zu(0) + £ (0) +
2

N 2 3l
2 3

2t
— 1 - _///O
+2+3!¢ (0) +

Now,

- LT




which is the mgf of a N(0,1). The result follows from Lemma 14. In the last step we used
the fact that if a,, — a then

(1+a—n) —e*. N
n

The central limit theorem tells us that Z, = /n(X, — p)/o is approximately N(0,1).
However, we rarely know o. We can estimate o2 from Xj,..., X, by

1 —
52 = — » (X - X)”
=1

This raises the following question: if we replace o with S,,, is the central limit theorem still
true? The answer is yes.

Theorem 15 Assume the same conditions as the CLT. Then,

T, = M ~ N(0,1).

Sh,
Proof. We have that
T, =2,W,
where _
o
and -
W, = —.
Sy,

Now Z,, ~» N(0,1) and W, £ 1. The result follows from Slutzky’s theorem. W

There is also a multivariate version of the central limit theorem. Recall that X =
(X1,..., Xp)T has a multivariate Normal distribution with mean vector p and covariance

matrix X if .

1 Ty—1
) = G e (3l =S e ).

In this case we write X ~ N(u,X).

Theorem 16 (Multivariate central limit theorem) Let X, ..., X, be iid random vec-

tors where X; = (Xui, ..., Xpi)" with mean = (pa, ..., )" and covariance matriz ¥. Let
X =(Xq,...,Xp)" where X; =n"'Y" | Xji. Then,

V(X — p) ~ N(0,%).



5 The Delta Method

If Y,, has a limiting Normal distribution then the delta method allows us to find the limiting
distribution of ¢g(Y,,) where g is any smooth function.

Theorem 17 (The Delta Method) Suppose that

Y. _
M ~ N(0,1)
o
and that g is a differentiable function such that ¢'(p) # 0. Then
19 ()]0

In other words,

27

Y, ~ N(u, %) implies that  ¢(Y,) ~ N (g(p), (g' (1)) 2).

n

Example 18 Let Xy,..., X, be iid with finite mean p and finite variance o2 By the central
limit theorem, /n(X, — p)/o ~ N(0,1). Let W, = eX». Thus, W,, = g(X,) where
g(s) =e*. Since ¢'(s) = €°, the delta method implies that W, =~ N (et e*'c?/n).

There is also a multivariate version of the delta method.

Theorem 19 (The Multivariate Delta Method) Suppose that Y, = (Yo1,...,Yok) i a
sequence of random vectors such that

V(Y = 1)~ N(0,5).

Let g : RF — R and let
99
Oy1
Vgly) = |
g
Oyk
Let V,, denote Vg(y) evaluated at y = p and assume that the elements of V,, are nonzero.

Then
Vi(g(Ya) = g(p) ~ N (0,V,2V,,) .

(Xn) (X12) <X1n>
X21 ’ X22 oY X2n

be iid random vectors with mean p = (uy, po)? and variance X. Let

K=Y X K=o Y X
=1 1=1

9

Example 20 Let



and define Y, = X1Xo. Thus, Y, = g(X1, Xs) where g(s1,52) = s152. By the central limit

theorem, o
X1 — )
n| = ~ N(0, ).
\/— < Xo — o ( )
Now
d
ot = ( 3 | =(
Bs 51
and so
T _ 011 012 M2\ o 2
vuzvu - (M2 Ml) ( O1a Oz ) ( 10 ) = W5011 + 212012 + (022,
Therefore,

\/5(7172 - M1M2) ~ N((),M%Un + 2p1 2012 + M%Um)- u

10



Addendum to Lecture Notes 4

Here is the proof that

where

i=1

Step 1. We first show that R L 02 where

Note that N
1< 1
RR==-Y X2—[=) X;| .
Define Y; = X?2. Then, using the LLN (law of large numbers)
li)@ — liyi L EY;) = E(X2) = 4% + 0°,
i b i=1 Z
Next, by the LLN,
1 n
n -
i=1
Since g(t) = t? is continuous, the continuous mapping theorem implies that
1 < ’
i3

Thus

R? K (U +0?) — p* = o°.

2 n 2
2= (1) m

Since, R2 5 02 and n/(n — 1) — 1, we have that S2 5 o2,

Step 2. Note that

Step 3. Since g(t) = +/t is continuous, (for t+ > 0) the continuous mapping theorem
implies that .S, o



Step 4. Since g(t) = t/o is continuous, the continuous mapping theorem implies that
Spfo 1.

Step 5. Since g(t) = 1/t is continuous (for ¢ > 0) the continuous mapping theorem

implies that /5, £ 1. Since convergence in probability implies convergence in distribution,
0/Sp ~ 1.

Step 5. Note that

e (E) ) -

Now V,, ~ Z where Z ~ N(0,1) by the CLT. And we showed that W,, ~» 1. By Slutzky’s
theorem, T,, = V,W,, ~ Z x 1 = Z.



Lecture Notes 5

1 Statistical Models

A statistical model P is a collection of probability distributions (or a collection of densities).

An example of a nonparametric model is

P = {p: /(p”(:v))2d:v < oo}.

A parametric model has the form

P = {p(x;@): 96@}

where © € R?. An example is the set of Normal densities {p(z;6) = (2r)""/2e~(==0*/2},
For now, we focus on parametric models.

The model comes from assumptions. Some examples:

e Time until something fails is often modeled by an exponential distribution.
e Number of rare events is often modeled by a Poisson distribution.

e Lengths and weights are often modeled by a Normal distribution.

These models are not correct. But they might be useful. Later we consider nonpara-

metric methods that do not assume a parametric model

2 Statistics

Let Xi,..., X, ~ p(z;0). Let X" = (X4,...,X,). Any function T'=T'(X;, ..., X,) is itself
a random variable which we will call a statistic.

Some examples are:
e order statistics, X(;) < X(g) < -+ < Xy

1



e sample mean: X = %ZZ Xi,

e sample variance: S? = =3 (X, —7)?,

e sample median: middle value of ordered statistics,
e sample minimum: Xy

e sample maximum: X,

e sample range: X,y — X

e sample interquartile range: X 75,) — X(.25n)

Example 1 If Xi,..., X, ~I'(a, B), then X ~ I'(na, 3/n).
Proof:

MY _ E[etf] ZXt/n HE X; (t/n
— el = Kl —m/n) ] - [1 —6/7%} |

This is the mgf of I'(na, B/n).
Example 2 If X1,..., X, ~ N(u,0?) then X ~ N(p,0%/n).

Example 3 If X;,..., X, iid Cauchy(0,1),

1
for x € R, then X ~ Cauchy(0,1).
Example 4 If Xy,..., X, ~ N(u,0?) then
(n—1) o 2
5~ Xy

o

The proof is based on the mgf.



Example 5 Let X1y, X(2),...,X(n) be the order statistics, which means that the sample

X1, Xo, ..., X, has been ordered from smallest to largest:
Xy =X = =X
Now,

FX(k)('T> = P(X(k) <z)
= P(at least k of the Xy,...,X,, < x)

= ZP(efmctlyj of the Xy,..., X, <)
=k

j=k

Differentiate to find the pdf (See CB p. 229):

n!

%) = G =R

! [Fx(2)]*" p(z)[L — Fyx(z)]"*.

3 Saufficiency

(Ch 6 CB) We continue with parametric inference. In this section we discuss data

reduction as a formal concept.
e Sample X" = Xy,---, X, ~ F.

e Assume F' belongs to a family of distributions, (e.g. F' is Normal), indexed by some

parameter 6.

e We want to learn about € and try to summarize the data without throwing any infor-

mation about 6 away.

e If a statistic T(X7,- -+, X,,) contains all the information about 6 in the sample we say

T is sufficient.



3.1 Sufficient Statistics

Definition: T is sufficient for 6 if the conditional distribution of X™|T" does not depend on
0. Thus, f(z1,...,x.|t;0) = f(x1, ..., 2,t).

Example 6 X, -, X, ~ Poisson(d). Let T =>"" | X;. Then,

P X"=z2" and T =1t
pxnr(a”|t) = P(X" = 2"|T(X") =t) = ( )

P(T =1t)
But
P(X"=z"and T =1t) = OP(Xn o Z: ;S;))i tt
Hence,

n 6—993% e—n@ez T; €—n98t

P = == = e ~ ey

Now, T(x™) = > x; =1t and so

—nb 0t
P(T=t)= # since T ~ Poisson(nf).
Thus,
P(X" =2") t!

P(T =1) (] z:)'nt
which does not depend on 8. So T = ). X; is a sufficient statistic for 6. Other sufficient
statistics are: T =37 . X;, T = (>, X, X4), and T'(Xq,..., X,) = (X1,..., X,).

3.2 Sufficient Partitions

It is better to describe sufficiency in terms of partitions of the sample space.

Example 7 Let X, X, X3 ~ Bernoulli(0). Let T =) X,.



n

x t p(zlt)
(0, 0, 0) — t=0 1

(0, 0, 1) — t=1 1/3
(0, 1, 0) — t=1 1/8
(1, 0, 0) —- t=1 1/3
(0, 1, 1) — t=2 1/3
(1, 0, 1) — t=2 1/3
(1, 1, 0) — t=2 1/8
(1, 1, 1) — t=3 1

8 elements — 4 elements

1. A partition By, ..., By is sufficient if f(z|X € B) does not depend on 6.

2. A statistic T" induces a partition. For each ¢, {x : T(x) = t} is one element of the

partition. T is sufficient if and only if the partition is sufficient.

3. Two statistics can generate the same partition: example: ). X; and 3>, X;.

4. If we split any element B; of a sufficient partition into smaller pieces, we get another

sufficient partition.

Example 8 Let X, X3, X3 ~ Bernoulli(f).

partition:

Then T = X, is not sufficient. Look at its



z" t p(z[t)

(0, 0, 0) — t=0 (1-06)2
(0, 0, 1) — t=0 0(1—0)
(0, 1, 0) —- t=0 0(1—0)
0,1,1) — t=0 6?

(1, 0, 0) —- t=1 (1-6)2
(1, 0, 1) — t=1 0(1—0)
(1, 1, 0) —- t=1 0(1—0)
(1, 1, 1) —- t=1 62

§ elements — 2 elements

3.3 The Factorization Theorem

Theorem 9 T(X") is sufficient for 0 if the joint pdf/pmf of X™ can be factored as
p(x";0) = h(z") x g(t;0).

Example 10 Let Xy,---, X, ~ Poisson. Then

p(z";0) = © = x e Mgz X,

[I(z:!) Iz
Example 11 Xy, -, X,, ~ N(u,0?). Then

p(a . 0?) = ( 1 )5”exp{_z<xi —_)2+n(f—u)2}_

2702 202
(a) If o known:

[\ J/ [\

Thus, X is sufficient for .
(b) If (p, 0%) unknown then T = (X, S?) is sufficient. So is T = (3. X;,>. X?).



3.4 Minimal Sufficient Statistics (MSS)

We want the greatest reduction in dimension.
Example 12 X, -+, X, ~ N(0,0%). Some sufficient statistics are:

T(X1>"' 7Xn) = (le" aXn)

T(Xl,--- 7Xn) — (Xf,--- ’XS)

=1

i=m+1
T(Xy,--+, X,) = Y X7
Definition: 7" is a Minimal Sufficient Statistic if the following two statements are true:
1. T is sufficient and
2. If U is any other sufficient statistic then 7' = ¢(U) for some function g.

In other words, T" generates the coarsest sufficient partition.

Suppose U is sufficient. Suppose T' = H (U) is also sufficient. T provides greater reduction

than U unless H is a 1 — 1 transformation, in which case T" and U are equivalent.

Example 13 X ~ N(0,0%). X is sufficient. |X| is sufficient. |X| is MSS. So are
X2, X1 X

Example 14 Let X, X5, X3 ~ Bernoulli(f). Let T =" X;.



" t p(z[t) | u p(z|u)
(0,0,00 - t=0 1 u= 1
0,0 1) — t=1 1/3 |u=1 1/3
0,1,0) — t=1 1/3 |u= 1/3
(1,0,0) — t=1 1/3 |u= 1/3
(0,1,1) = t=2 1/3 |u=73 1/2
(1,0,1) — t=2 1/3 |u=73 1/2
(1,1,0) — t=2 1/3 |u=91 1
(1,1,1) — t=3 1 u=103 1

Note that U and T are both sufficient but U is not minimal.

3.5 How to find a Minimal Sufficient Statistic

Theorem 15 Define
R(z",y";0) =

Suppose that T has the following property:

R(z™,y";0) does not depend on 6 if and only if T'(y") = T'(z").

Then T is a MSS.

Example 16 Yi,--- .Y, did Poisson (0).
e Mhxvi p(y™; 0) P yi—2 i
v p750)  TTul/TIa!
which is independent of 0 iff > y; = > x;. This implies that T(Y™) = > Y; is a minimal
sufficient statistic for 6.

p(y";0) =

The minimal sufficient statistic is not unique. But, the minimal sufficient partition is

unique.



Example 17 Cauchy.

1
Pwt) = T =)
Then .
R
PO 1+ - 0)

The ratio is a constant function of 0 if
TY") = Yy, 5 Yw)-

It 1s technically harder to show that this is true only if T is the order statistics, but it could
be done using theorems about polynomials. Having shown this, one can conclude that the

order statistics are the minimal sufficient statistics for 6.

Note: Ignore the material on completeness and ancillary statistics.



Lecture Notes 6

1 The Likelihood Function

Definition. Let X" = (Xi,---,X,) have joint density p(z™;0) = p(x1,...,2,;0) where
0 € ©. The likelihood function L : © — [0, 00) is defined by

L(0) = L(0;2") = p(z";0)
where 2" is fixed and 6 varies in O.

1. The likelihood function is a function of 6.
2. The likelihood function is not a probability density function.
3. If the data are iid then the likelihood is

n

L(0) = Hp(a:i; 0)  iid case only.

i=1
4. The likelihood is only defined up to a constant of proportionality.
5. The likelihood function is used (i) to generate estimators (the maximum likelihood

estimator) and (ii) as a key ingredient in Bayesian inference.

Example 1 These 2 samples have the same likelihood function:

(X1, Xo, X3) ~ Multinomial (n = 6,60,0,1 — 20)

6!

X =(1,3,2) = L= melei”a —20)? o 6*(1 — 20)*
|
X=(222 — L= %9292(1 —26)” o (1 — 26)?

Example 2 X;,--- , X,, ~ N(u,1). Then,

n

L(p) = (%) : exp {—% > (i - u)z} o exp {—g(f - M)2} :

i=1



Example 3 Let Xi,..., X, ~ Bernoulli(p). Then

L(p) ocp™* (1 = p)"™¥
for p € [0,1] where X =), X;.

Theorem 4 Write 2™ ~ y™ if L(0|x™) o< L(0|y™). The partition induced by ~ is the minimal

sufficient partition.

Example 5 A non iid ezample. An AR(1) time series auto regressive model. The model is:

X1 ~ N(0,0%) and

Xi—i—l = HXZ + €i+1 €; 1'1\(/1 N(O, 02>.

It can be show that we have the Markov property: o(Tpi1|Tn,Tn_1, "+ ,21) = D(Tni1|Tn).

The likelihood function is

L) = p(a"™;0)
= p(x1;0)p(xe|z1;0) - - (20|21, . .., TP 6)

= D xn|$n—1; Q)P(In—ﬂxn—z; 9) e -p(ac2|x1; 9)?@1? 9)

1 —1
= H 7 7 exp (2_92(xn+i1 - 9$ni>2) :

2 Likelihood, Sufficiency and the Likelihood Principle

The likelihood function is a minimal sufficient statistic. That is, if we define the equivalence
relation: ™ ~ y"™ when L(6;2") o< L(6;y™) then the resulting partition is minimal sufficient.
Does this mean that the likelihood function contains all the relevant information? Some
people say yes it does. This is sometimes called the likelihood principle. That is, the likelihood
principle says that the likelihood function contains all the infomation in the data.
This is FALSE. Here is a simple example to illustrate why. Let C = {cy,...,cn} be
a finite set of constants. For simplicity, asssume that ¢; € {0,1} (although this is not

important). Let § = N~! Zjvzl ¢;. Suppose we want to estimate 6. We proceed as follows.



Let Sy, ..., S, ~ Bernoulli(7) where 7 is known. If S; = 1 you get to see ¢;. Otherwise, you

do not. (This is an example of survey sampling.) The likelihood function is
sti(l — )5,

The unknown parameter does not appear in the likelihood. In fact, there are no unknown
parameters in the likelihood! The likelihood function contains no information at all.

But we can estimate 6. Let N
~ 1
0= N_ﬂ' Z Cij.
j=1
Then E(@) = 0. Hoeffding’s inequality implies that

P(|6 — 6] > €) < 26720

Hence, 0 is close to 0 with high probability.
Summary: the minimal sufficient statistic has all the information you need to compute

the likelihood. But that does not mean that all the information is in the likelihood.



1

Xy,...

Lecture Notes 7

Parametric Point Estimation

, X ~ p(z;0). Want to estimate 0 = (6,...,60x). An estimator

0=0,=uwXy,... X

is a function of the data.

Methods:

1.
2.
3.

Method of Moments (MOM)
Maximum likelihood (MLE)
Bayesian estimators

Evaluating Estimators:

=W

Bias and Variance

Mean squared error (MSE)
Minimax Theory

Large sample theory (later).

Some Terminology

Eg(é\) =/ fé\(azl, ooy Tp)p(21;0) - p(2g; 0)day - - - day
Bias: Eo(f) — 6

the distribution of 5n is called its sampling distribution

the standard deviation of 8, is called the standard error denoted by se(é\n)
é’\n is consistent if é\nL 0

later we will see that if bias — 0 and Var(gn) — 0 as n — oo then 6, is consistent

an estimator is robust if it is not strongly affected by perturbations in the data (more

later)



3 Method of Moments

Define
1 n
my = ﬁ ;Xu Ml(e) = ]E(Xz)
1 2 2
mQZElZ:;X“ MQ(Q) :]E(Xi)
1 ¢ k k
mg = E ;Xi ) Mk‘(9> = E(Xi )

Let 6 = (64, ...,6;) solve:
mj:uj(é\), jzl,,k’

Example 1 N(8,0?) with 6 = (3,0?). Then py = 3 and ps = 0 + 5% Equate:
P XB L X
e Lo

to get
~ 1 —
B=X 0°=-) (Xi—X,)"

Example 2 Suppose
Xi,..., X, ~ Binomial(k, p)

where both k and p are unknown. We get

giving




4 Maximum Likelihood

Let € maximize

Same as maximizing

Often it suffices to solve

Example 3 Binomial. L(p) = [[,p* (1 — p)'~* = p5(1 — p)"=5 where S =", X;. So
{(p) = Slogp + (n — ) log(1 — p)

and p=X.

Example 4 X;,..., X, ~ N(g,1).

— n —

L) oc [T en @™/ oc e i) = —2(X = o)?
and [i = X. For N(u,o?) we have

L(p, 0%) H%exp {_T; Z(Xz - H)Q}

=1

and
1 n
A - L 2
l(p,07) = —nlogo 202;(& ).
Set
or or
— =0, —=0
o " Qo2
to get
1 1 - )\ 2
= — X;, oo==)» (X;—X)
n n <



Example 5 Let Xi,..., X, ~ Uniform(0,6). Then

1
L(O) = 5-1(0 > X)

and so 0 = X(n)-

~

The mle is equivariant. if n = g(0) then 7 = g(f). Suppose g is invertible so n = ¢(0)
and 0 = g~'(n). Define L*(n) = L(0) where § = g~*(n). So, for any 7,

L*(7) = L(0) > L(0) = L*(n)

-~

and hence 77 = ¢(#) maximizes L*(n). For non invertible functions this is still true if we
define

L*(n) = sup L(0).
0:7(0)=n

Example 6 Binomial. The mle is p = X. Let ¢ = log(p/(1—p)). Then @Z = log(p/(1—D)).

Later, we will see that maximum likelihood estimators have certain optimality properties.

5 Bayes Estimator

Regard 6 as random. Start with prior distribition m(0). Note that f(z|0)7(0) = f(z,0).

Now Compute the posterior distribition by Bayes’ theorem:

f(x]0)7(0)

m(f]z) =
where
m(x):/f(x|0)7r(9)d9.

This can be written as

7(0)z) o< L(0)7(0).



Now compute a point estimator from the posterior. For example:

- B [ 0f(lo)n(0)do
7 — (o)) _/eﬂ(emde_ e

This approach is controversial. We will discuss the controversey and the meaning of the

prior later in the course. For now, we just think of this as a way to define an estimator.
Example 7 Let Xi,..., X, ~ Bernoulli(p). Let the prior be p ~ Beta(a, 5). Hence

_ ['(a+pB)

and

SetY =5 X;. Then

W(p’X) X ?Yl _ panl > pozfll _ pﬁflj o pYJrozfll o pn7Y+ﬁ,1.
Iikeﬁﬂood p;iror

Therefore, p|X ~ Beta(Y +a,n —Y + ). (See page 325 for more details.) The Bayes

estimator 1s

- Y+a Y +a (1= N + A T
p_(Y+a)+(n_Y+/B)_a+6+n_ pmle p
where
_ o« _a+f
P= g Ca+fB4n

This is an example of a conjugate prior.

Example 8 Let Xi,..., X, ~ N(u,0?) with 0® known. Let u ~ N(m,7?). Then

72 s
E(ulX) = 2 %27+ 72:_%27”
and
Var(ulx) = 270
TS+ =—



6 MSE

The mean squared error (MSE) is

/ / (z1,...,20) — 0 f(21;0) - f(zn;0)dxy ... dx,.

The bias is
B=TEy0)—0
and the variance is
V= Varg(é\).
Theorem 9 We have
MSE =B*+V.

Proof. Let m = ]Eg(é\). Then

MSE = Eg(6—6)? =Eg(0 —m +m — 6)?
= Ey(6 —m)® + (m — 0)>+ 2Ey(6 — m)(m — 6)

= Bo(0—m)®>+ (m—0)>=V+ B>

[ |
An estimator is unbiased if the bias is 0. In that case, the MSE = Variance. There is
often a tradeoff between bias and variance. So low bias can imply high variance and vice

versa.

Example 10 Let Xy,...,X,, ~ N(u,0?). Then

The MSE’s are

See p 331 for calculations.



7 Best Unbiased Estimators

What is the smallest variance of an unbiased estimator? This was once considered an im-
portant question. Today we consider it not so important. There is no reason to require an
estmator to be unbiased. Having small MSE is more important. However, for completeness,
we will briefly consider the question.
An estimator W is UMVUE (Uniform Minimum Variance Unbiased Estimator) for 7(6)
if (1) Eg(W) = 7(0) for all # and (ii) if Ep(W') = 7(0) for all # then Vary(W) < Vary(W’).
The Cramer-Rao inequality gives a lower bound on the variance of any unbaised estima-

tor. The bound is:

(HEW)” (7'(9))?
Varg(W) > = .
W)= Ey ((%logf(X;@))z) 1,(0)

There is also a link with sufficiency.

Theorem 11 The Rao-Blackwell Theorem. Let W be an unbiased estimator of 7(6)
and let T' be a sufficient statistic. Define W' = ¢(T) = E(W|T). Then W' is unbiased and
Vary(W') < Varg(W) for all 6.

Note that ¢ is a well-defined estimator since, by sufficiency, it does not depend on 6.
Proof. We have
Ey(W') = Eo(E(W|T)) = Eg(W) = 7(0)

so W' is unbiased. Also,
Val"g(W) = Val",g(E(W|T))+E9<V&I‘(W|T))

= Varg(W’) + Ey(Var(W|T))
> Varg(W’).

Ignore the material on completeness.



Lecture Notes 8

1 Minimax Theory

Suppose we want to estimate a parameter ¢ using data X™ = (X,...,X,,). What is the
best possible estimator 6 = H(X 1,--+,Xy,) of 87 Minimax theory provides a framework for
answering this question.

1.1 Introduction

Let § = @\(X ") be an estimator for the parameter § € ©. We start with a loss function
L(6,0) that measures how good the estimator is. For example:

L(o, 5) = (0 —0)? squared error loss,

L(6,6) = |6 — 0] absolute error loss,

L(0,0) = |0 — 6] L, loss,

L(0, 5) =0if0=0or1if 0 =+ 0 zero-one loss,

L(o, 5) = I(\g— g > ¢) large deviation loss,

L(6,0) = [log (ggj)) pla; §)dz  Kullback Leibler loss.
If 6 = (6y,...,0;) is a vector then some common loss functions are

k

L©O.0) =10 - 011> =" (6, — 0,2,

j=1

k 1/p
L(0,0) = 1|0 - 0||, = (Z 10; — 9j|p> :

When the problem is to predict a Y € {0, 1} based on some classifier h(x) a commonly used

loss is
L(Y,h(X)) = I(Y # h(X)).

For real valued prediction a common loss function is

~

LY,V) = (¥ = V)

The risk of an estimator 0 is

R(6,6) = Ey <L(0,§)) - /L(@,@(ml,...,xn))p(xl,...,xn;e)dx. (1)

1



When the loss function is squared error, the risk is just the MSE (mean squared error):
R(6,0) = Eg(6 — 0)* = Vary() + bias®. (2)

If we do not state what loss function we are using, assume the loss function is squared error.

The minimax risk is

~

R,, = infsup R(0,0)
o 0

where the infimum is over all estimators. An estimator 6 is a minimax
estimator if

o~ ~

sup R(0,0) = inf sup R(0, ).
0 o 0

Example 1 Let X,,..., X, ~ N(0,1). We will see that X,, is minimaz with respect to
many different loss functions. The risk is 1/n.

Example 2 Let Xi,...,X,, be a sample from a density f. Let F be the class of smooth
densities (defined more precisely later). We will see (later in the course) that the minimax
risk for estimating f is Cn=%/°.

1.2 Comparing Risk Functions

To compare two estimators, we compare their risk functions. However, this does not provide
a clear answer as to which estimator is better. Consider the following examples.

Example 3 Let X ~ N(6,1) and assume we are using squared error loss. Consider two
estimators: 01 = X and 0 = 3. The risk functions are R(0,0;) = Eo(X — 0)> = 1 and
R(0,0;) =Eg(3—0)*> = (3—0)% If2 < 0 < 4 then R(,05) < R(0,0,), otherwise, R(6,0;) <

R(0, 52) Neither estimator uniformly dominates the other; see Figure 1.

Example 4 Let Xi,...,X, ~ Bernoulli(p). Consider squared error loss and let p, = X.
Since this has zero bias, we have that

_ 1 —
Rp. ) = Var(X) = 240
Another estimator is
. Y+a
2= 07 B+n



S

Figure 1: Comparing two risk functions. Neither risk function dominates the other at all
values of 6.

where Y =" X; and « and (3 are positive constants." Now,

R(p.p2) = Var,(p2) + (bias,(p2))’

Y +a Y +a 2
= Var, (—a—i—ﬁ—i—n)_'—(Ep <—a+ﬁ+n) —p)

np(l—p))z_l_( np + o )2.

a+ﬁ+n_p

Let o« = = \/n/4. The resulting estimator is

Y +/n/4
P2 = n++/n

and the risk function is
n

R(p,p2) = nt vn)

The risk functions are plotted in figure 2. As we can see, neither estimator uniformly domi-
nates the other.

These examples highlight the need to be able to compare risk functions. To do so, we
need a one-number summary of the risk function. Two such summaries are the maximum
risk and the Bayes risk.

The maximum risk is N N

R(0) = sup R(9,0) (3)
0cO

!This is the posterior mean using a Beta (a, 3) prior.

3



Risk

Figure 2: Risk functions for p; and p, in Example 4. The solid curve is R(p;). The dotted

line is R(p2).

and the Bayes risk under prior 7 is
B.(0) = / R(6,8)7(8)d6.

Example 5 Consider again the two estimators in Example 4. We have

= pl—p) 1
R(p1) = max = — =

and

R(pz) = max

pAn+n)?  A(n+ /n)?

Based on mazimum risk, Dy is a better estimator since R(py) < R(p1). However, when n is
large, R(p1) has smaller risk except for a small region in the parameter space near p = 1/2.
Thus, many people prefer py to Dy. This illustrates that one-number summaries like maximum

risk are imperfect.

These two summaries of the risk function suggest two different methods for devising
estimators: choosing ¢ to minimize the maximum risk leads to minimax estimators; choosing

¢ to minimize the Bayes risk leads to Bayes estimators.

An estimator # that minimizes the Bayes risk is called a Bayes estimator. That is,

o~ ~

B,(0) = inf B, ()

4
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where the infimum is over all estimators #. An estimator that minimizes the maximum risk
is called a minimax estimator. That is,

o~ ~

sup R(6,0) = inf sup R(0, 0) (6)
0 g o

where the infimum is over all estimators 6. We call the right hand side of (6), namely,

~

R, = R,(©) = infsup R(0,0), (7)
0 0co
the minimax risk. Statistical decision theory has two goals: determine the minimax risk
R,, and find an estimator that achieves this risk.
Once we have found the minimax risk R,, we want to find the minimax estimator that
achieves this risk:

~

sup R(6,0) = inf sup R(0, é\) (8)
9o 6 6co

Sometimes we settle for an asymptotically minimax estimator

-~ -~

sup R(6,0) ~ infsup R(0,60) n — oo 9)
00 9 0eo

where a,, ~ b, means that a, /b, — 1. Even that can prove too difficult and we might settle
for an estimator that achieves the minimax rate,

sup R(6, @) = inf sup R(6, (/9\) n — 0o (10)
90 9 0co

where a,, < b, means that both a,/b, and b, /a, are both bounded as n — oc.

1.3 Bayes Estimators
Let 7 be a prior distribution. After observing X™ = (Xj,...,X,,), the posterior distribution

is, according to Bayes’ theorem,
B Jap(Xy, ..., X,|0)m(0)df B [ L(0)m(0)de
Jor(X1, ..., Xp|0)w(0)d0 [ L(0)w(0)df

P(0 € A|X™) (11)

where £(6) = p(z"; 0) is the likelihood function. The posterior has density
p(z"|0)m(6)

w(0|x") = Y

(12)

where m(z") = [ p(a™|0)7(0)df is the marginal distribution of X™. Define the posterior
risk of an estimator 6(z") by

r(0]z") = / L(6,0(x™))m(0]2™)d6. (13)



~

Theorem 6 The Bayes risk B(0) satisfies
B.(0) = / r (@) m(z") da”. (14)

Let é\(ac") be the value of O that minimizes r(é\]a:”) Then § is the Bayes estimator.

Proof.Let p(x,0) = p(x|@)m(0) denote the joint density of X and §. We can rewrite the
Bayes risk as follows:

B.(6) = / R(6,0)7(0)do = / ( / L(Q,a(x"))p(x|0)dx”>7r(9)d0
_ / / L0, 8(2™))p(x, 0)da"d6 — / / L(0, 8(2™)) (0™ m (") dz"do
_ / < / L, 5(x"))7r(9\:c")d9>m(:c”) o — / r (@2 ym(a") da™

If we choose 6(z") to be the value of 6 that minimizes r(A|z") then we will minimize the
integrand at every x and thus minimize the integral [ r(f|z")m(z")dz".

Now we can find an explicit formula for the Bayes estimator for some specific loss func-
tions.

~ ~

Theorem 7 If L(0,0) = (0 — 0)? then the Bayes estimator is
6(zm) = / 0 (0]2™)d0 = B(0)X = ™). (15)

If L(0, 5) = |9—§\ then the Bayes estimator is the median of the posterior w(0|x™). If L(#, g)
is zero—one loss, then the Bayes estimator is the mode of the posterior m(0|x™).

Proof.We will prove the theorem for squared error loss. The Bayes estimator 5(:6”)
minimizes r(0|2") = [(0 — 6(x™))*n(f|2™)df. Taking the derivative of r(f|z™) with respect
to 6(z") and setting it equal to zero yields the equation 2 [ (0 —60(z"))7(0]z™)df = 0. Solving

~

for 0(x™) we get 15.

Example 8 Let Xy,..., X, ~ N(u,c?) where o? is known. Suppose we use a N(a,b?) prior
for . The Bayes estimator with respect to squared error loss is the posterior mean, which is

. b2 i

G(Xl,...,Xn):bQ+%2X+b2"%2a. m (16)




1.4 Minimax Estimators

Finding minimax estimators is complicated and we cannot attempt a complete coverage of
that theory here but we will mention a few key results. The main message to take away from
this section is: Bayes estimators with a constant risk function are minimax.

Theorem 9 Let 8 be the Bayes estimator for some prior w. If

-~ -~

R(0,0) < B,(0) for all 6 (17)
then 0 is minimaz and 7 is called a least favorable prior.

Proof.Suppose that @is not minimax. Then there is another estimator 50 such that
supy R(0,00) < supy R(6,0). Since the average of a function is always less than or equal to
its maximum, we have that B, (6y) < supy R(6,6,). Hence,

-~

B (60) < sup R(6,8,) < sup R(6,6) < B,(0) (18)
0 0

which is a contradiction.

Theorem 10 Suppose that 0 is the Bayes estimator with respect to some prior 7. If the risk
15 constant then 0 is minimax.

Proof.The Bayes risk is B,r(g) = [ R(6, §)w(9)d9 = ¢ and hence R(0), 5) < Bﬂ(é\) for all
0. Now apply the previous theorem.

Example 11 Consider the Bernoulli model with squared error loss. In example 4 we showed

that the estimator
fon n Z?:l Xl + V 7’L/4
pX") =
n++/n
has a constant risk function. This estimator is the posterior mean, and hence the Bayes
estimator, for the prior Beta(«, ) with « = 8 = y/n/4. Hence, by the previous theorem,
this estimator is minimaz.

Example 12 Consider again the Bernoulli but with loss function

L(p,p) = %-

Let p(X™) =p= >, X;/n. The risk is

o= (525) - (%2) -

which, as a function of p, is constant. It can be shown that, for this loss function, p(X™) is
the Bayes estimator under the prior m(p) = 1. Hence, p is minimac.

7



What is the minimax estimator for a Normal model? To answer this question in generality
we first need a definition. A function ¢ is bowl-shaped if the sets {z : {(z) < ¢} are convex
and symmetric about the origin. A loss function L is bowl-shaped if L(#, 6) = (6 — 0) for
some bowl-shaped function /.

Theorem 13 Suppose that the random vector X has a Normal distribution with mean vector
0 and covariance matriz 3. If the loss function is bowl-shaped then X is the unique (up to
sets of measure zero) minimax estimator of 0.

If the parameter space is restricted, then the theorem above does not apply as the next
example shows.

Example 14 Suppose that X ~ N(6,1) and that 0 is known to lie in the interval [—m,m]
where 0 < m < 1. The unique, minimax estimator under squared error loss is

mX —mX
~ ent —e
0 X)=m|———=).
( ) (emX + emX)
This is the Bayes estimator with respect to the prior that puts mass 1/2 at m and mass 1/2
at —m. The risk is not constant but it does satisfy R(0, 9) < B.(0 ) for all 0; see Figure 3.
Hence, Theorem 9 implies that 0 is minimaz. This might seem like a toy example but it s

not. The essence of modern minimax theory is that the minimax risk depends crucially on
how the space is restricted. The bounded interval case is the tip of the iceberg.

Proof That X, is Minimax Under Squared Error Loss. Now we will explain why
X, is justified by minimax theory. Let X ~ N »(0, 1) be multivariate Normal with mean
vector 6 = (64,...,6,). We will prove that § = X is minimax when L(0, 9) HH — 0%
Assign the prior 7 = N(0, c*I). Then the posterior is

ey c?
X=2 ~N|— ——T. 1
Olx = (HCQ,HCQ) (19)
The Bayes risk for an estimator 0 is R.(8) = [ R(#, 9 )m(0)df which is minimized by the

posterior mean 8§ = 2X/(1 + ¢2). Dlrect computatlon shows that R(d) = pc2/(1 + ¢2).
Hence, if 6* is any estimator, then

= Ra(9) < Ry (67) (20)

= /R(Q*,Q)dﬂ(@) < sup R(0%,0). (21)
0

We have now proved that R(©) > pc?/(1 + ¢?) for every ¢ > 0 and hence

R(©) > p. (22)

But the risk of = X is p. So, = X is minimax.

8



05 0.5

Figure 3: Risk function for constrained Normal with m=.5. The two short dashed lines show
the least favorable prior which puts its mass at two points.

1.5 Maximum Likelihood

For parametric models that satisfy weak regularity conditions, the maximum likelihood es-
timator is approximately minimax. Consider squared error loss which is squared bias plus
variance. In parametric models with large samples, it can be shown that the variance term
dominates the bias so the risk of the mle 6 roughly equals the variance:?

R(6,0) = Vary(8) + bias® ~ Var(d). (23)
The variance of the mle is approximately Var(@) N 11(9) where [(0) is the Fisher information.
Hence,
~ 1
R(6,0) ~ —. 24
nR(6.0) ~ 77 (21)

For any other estimator @, it can be shown that for large n, R(6,6') > R(6,6). So the
maximum likelihood estimator is approximately minimax. This assumes that
the dimension of 0 is fixed and n is increasing.

1.6 The Hodges Example

Here is an interesting example about the subtleties of optimal estimators. Let Xi,..., X, ~
N(6,1). The mle is 6, = X,, = n~*> " | X;. But consider the following estimator due to

2Typically, the squared bias is order O(n~2) while the variance is of order O(n~1).



Hodges. Let
1 1
=== = (25)

and define o o
0 X, if X, ¢J,

"Tl0 i X, €,
Suppose that § # 0. Choose a small € so that 0 is not contained in I = (0 —¢,0 +¢€). By the
law of large numbers, P(X,, € I) — 1. In the meantime .J, is shrinking. See Flgure 4. Thus,
for n large, 0, = X, with high probability. We conclude that, for any 6 # 0, 0,, behaves like
X,

When 6 = 0,

(26)

P(X,ecJ,) = P(X,| <n '/ (27)
P(v/n|X,| < n'/*) =P(IN(0,1)] < n**) — 1. (28)

Thus, for n large, 0, = 0 = 0 with high probability. This is a much better estimator of ¢
than X,,.

We conclude that Hodges estimator is like X, when @ # 0 and is better than X,, when
0 = 0. So X,, is not the best estimator. 6, is better. B

Or is it? Figure 5 shows the mean squared error, or risk, R,,(0) = E(6,,—6)?* as a function
of § (for n = 1000). The horizontal line is the risk of X,,. The risk of 0, is good at = 0. At
any 6, it will eventually behave like the risk of X,. But the maximum risk of 0, is terrible.
We pay for the improvement at # = 0 by an increase in risk elsewhere.

There are two lessons here. First, we need to pay attention to the maximum risk. Sec-
ond, it is better to look at uniform asymptotics lim,, . supy R, (f) rather than pointwise
asymptotics supy lim, o, R,(0).

10



Figure 4: Top: when 6 # 0, X, will eventually be in I and will miss the interval .J,. Bottom:
when § = 0, X, is about n~'/? away from 0 and so is eventually in .J,,.

0.015
Il

0.010
L

0.005
L

0.000

Figure 5: The risk of the Hodges estimator for n = 1000 as a function of 6. The horizontal
line is the risk of the sample mean.
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Loss L(6, 5) where 6 = 0(X7, ..., X,). Remember that 0 is a function of Xi,..., X,

2. Risk

10.

R(0,0) = E / / (0,0(x1, ..., 2.))p(x1, ..., 20 0)day - - - day.

R(6,0) = E@(é\— 0)?> = MSE = bias? + variance.

. Maximum risk: we define how good an estimator is by its maximum risk

sup R(6,0).
0

Minimax risk: R
R,, = infsup R(0,0).
0 0co

An estimator 6 is minimax if

sup R(0, /9\) = R,.
90

The Bayes risk for an estimator @\, with respect to a prior 7 is

f) = / R(6,0)7(6)d6

An estimator 5,, is the Bayes estimator with respect to a prior 7 if

B.(6,) = inf B.(9).
0

In other words, 6, minimizes B, ((/9\) over all estimators.

. The Bayes risk can we re-written as

B (0) = /T(é\) m(zy, ..., x,)dxy - - day,

where m(z1,...,x,) = [p(x, ..., 2,;0)7(0)d0 and T(é\) = [ L(6, é\)p(0|x1, cee,my)dl.
Hence, to minimize B (5 ) is suffices to minimize 7’(5)

Key Theorem: Suppose that (i) 9 is the Bayes estimator with respect to some prior
7 and (ii) R(0, 5) is constant. Then @ is minimax.

1



11.

12.

Bounds. Sometimes it is hard to find R,, so it is useful to find a lower bound and an
upper bound on the minimax risk. The following result is helpful: R
Theorem: Let 6, by a Bayes estimator with respect to some prior 7. Let 6* be any
estimator. Then:

B(6x) < R, < sup R(6,"). (1)
%

Proof of the Lower Bound. Let @r be the Bayes estimator for some prior 7. Let )
be any other estimator. Then,

B.(6) < B, (0) = / R(6,0)7(0)do < sp R(6,0).

Take the inf over all é\ and conclude that
Bﬂ(@r) < infsup R(6, 5) =R,.
0, o

~

Hence, R, > B,(0,).
Proof of the Upper bound. Choose any estimator *. Then

R,, = inf sup R(0, 0) < sup R(#, é\*)
o 0 0

How to prove that X,, is minimax for the Normal model. Let Xi,..., X, ~ N(0,0?)
where ¢ is known. Let L(6,6) = (6 — ).
(a) First we show that R,, = 0?/n. We do this by getting a lower bound and an upper
bound on R,,.
(b) Lower Bound. Let m = N(0,c¢?). The posterior p(6|X1,...,X,) is N(a,b?)
where

X /o® 1
a= le /Un and b= ——.
2T 2T
The Bayes estimator minimizes 7(8) = [(6 — 0)2p(6|z1, ..., x,)d0. This is mini-
mized by 0, = [0p(O|z1,...,x,)d0 = E(0|X,...,X,). But E(§|X;,...,X,) =

a. So the Bayes esimator is

7 nX /o?
Next we compute R(@r, ). This means we need to compute the MSE of @r. The
bias 0, is —00%/(c* + nc?). The variance of 0, is nclo?/(0? + nc?)?. So
620t ncto® 00! +nc'o?
(02 +nc?)2 " (624 nc?)? (02 +nc?)?

R(#, @r) = bias® + variance =



Let us now compute the Bayes risk of this estimator. It is

~ ~ ot [ 6*7(0)d + ncto?
B.(0,) = 0,0, )m(6)dd =
(0x) /R( )7 (6) (02 + nc2)?
_ olc? + ncto? _ o?
(024 ne?)? Z—j—kn'
By (1), this proves that
2
R, > —
< 1n

(c) Upper Bound. Choose # = X,,. Then R(6,6) = 0%/n. By (1),

R, <supR(0,0) = —.
0 n

(d) Combining the lower and upper bound we see that

o? o?

<R,<—
Fn S

This bound is true for all ¢ > 0. If take the limit as ¢ — oo then we get that
R, = % We have succeeded in finding the minimax risk R,.

(e) The last step is to find a minimax estimator. We have to find an estimator whose
maximum risk is R,. But we already saw that X has maximum risk equal to R,,.
Hence X,, is minimax.



Lecture Notes 9

Asymptotic (Large Sample) Theory

1 Review of o, O, etc.

1. a, = o(1) mean a,, — 0 as n — 0.

A random sequence A, is 0,(1) if A,—50as n — oo.

A random sequence A, is 0,(b,) if An/bng 0 as n — oo.
nP 0,(1) = 0,(nP), so \/no,(1/y/n) = op(l)i> 0.

0p(1) X 0p(1) = 0p(1).

A

1. a, = O(1) if |a,| is bounded by a constant as n — oo.

2. A random sequence Y,, is O,(1) if for every € > 0 there exists a constant M such that
limy, 00 P(|Yn] > M) < € as n — oo.

A random sequence Y, is O,(b,,) if Y,,/b, is O,(1).

If Y, ~ Y, then Y, is O,(1).

If /n(Y, —c¢) ~ Y then Y,, = Op(1/y/n). (potential test qustion: prove this)

0,(1) % O(1) = Oy(1).

0p(1) X Oy(1) = 0,(1).

No v W

2 Distances Between Probability Distributions

Let P and @) be distributions with densities p and q. We will use the following distances
between P and Q).

1. Total variation distance V' (P, Q) = supy |P(A) — Q(A)|.



2. Ly distance di(P,Q) = [|p —ql.
3. Hellinger distance h(P, Q) = 1/ [ (/D — +/2)*
4. Kullback-Leibler distance K (P,Q) = [ plog(p/q).

5. Ly distance do( P, Q) = [(p — )2

Here are some properties of these distances:
1. V(P,Q) = 1di(P,Q). (prove this!)

2. B3(P,Q) = 2(1 - [ \/pq).

3. V(P,Q) < h(P,Q) <2V(P,Q).

4. W*(P,Q) < K(P,Q).

5. V(P,Q) < h(P,Q) < /K(P,Q).

6. V(P,Q) < VK(P,Q)/2.

3 Consistency

-~

0, = T(X™) is consistent for 0 if
0,0

o~

as n — oo. In other words, 0, — 6 = 0,(1). Here are two common ways to prove that 0,

consistent.

Method 1: Show that, for all € > 0,

P(|0, — 0] > &) — 0.



Method 2. Prove convergence in quadratic mean:
MSE(6,,) = Bias?(,,) + Var(6,) — 0.
If bias — 0 and var — 0 then @\n % 9 which implies that é\n 9.

Example 1 Bernoulli(p). The mle p has bias 0 and variance p(1 — p)/n — 0. So ]/)\i)p
and is consistent. Now let 1 = log(p/(1—p)). Then 12 = log(p/(1—p)). Now 1Z = g(p) where
g(p) = log(p/(1 — p)). By the continuous mapping theorem, -5 so this is consistent.

Now consider

X +1
p_n—i—l'
Then
. p—1
bias = E(p) — p = 0
1as (p)=p n(l+n)
and
]__
Var:p( p)—>0
n

So this is consistent.

Example 2 X;,..., X, ~ Uniform(0,0). Let 0, = Xmy. By direct proof (we did it earlier)

~ p
we have 0,— 0.

Method of moments estimators are typically consistent. Consider one parameter. Recall

that w(f) = m where m = n~tY "  X;. Assume that p~! exists and is continuous. So

6= p~t(m). By the WLLN m——s w(0). So, by the continuous mapping Theorem,

~

On = p~ (m)— 5~ (u(0)) = 0.

4 Consistency of the MLE

Under regularity conditions (see page 516), the mle is consistent. Let us prove this in a

special case. This will also reveal a connection between the mle and Hellinger distance.



Suppose that the model consists of finitely many distinct densities {po,p1,...,pn}. The

likelihood function is .
L(p;) = [ [ ps(X0).
i=1
The mle p is the density p; that maximizes L(p,;). Without loss of generality, assume that
the true density is pg.

Theorem 3
P(p # po) — 0

as n — Q.

Proof. Let us begin by first proving an inequality. Let €; = h(po, p;). Then, for j # 0,

Lpg) _ w2 _ T pi(Xa) one/2 | _ T pi(Xa) pnel/2
P( Loy > ") P<. PolXo) ) P<H molXs) )

ne2 /4 - pj<Xi)  ne2/4 - p'(Xi)
’ J/E(H p(](Xi)) - HE< poo@-))

i=1

) " P20 pi)\" _ e T\
_ engj/4 (/ \/M) _ ene]./4 (1 _ T’J> — enej/4 <1 _ 5])

2
_ ene?/ll exp {nlog (1 . %)} < ene?/4€—ne?/2 _ €_n€?/2.

We used the fact that h?(po,p;) =2 — 2 [ /Pop; and also that log(l — z) < —z for z > 0.

V

IN

Let € = min{ey,...,en}. Then

Lip
P(p#po) < IP’( ;) > e7"5/% for some j)

L(po)
N
L(pj) ez
< IP)( J > e nej/Q)
; L(po)
N
—ne2/2 —ne?/2
< Ze i’* < Ne — 0
j=1

We can prove a similar result using Kullback-Leibler distance as follows. Let X, Xo, ...

be iid Fy. Let 6, be the true value of 6 and let # be some other value. We will show that

4



L(6y)/L(#) > 1 with probability tending to 1. We assume that the model is identifiable;
this means that 6; # 65 implies that K (6;,60s) > 0 where K is the Kullback-Leibler distance.

Theorem 4 Suppose the model is identifiable. Let 6y be the true value of the parameter.

For any 0 # 0,
L(6o)
P(L(G) > 1) — 1

as n — 00,
Proof. We have
Lo o) = 3 loep(xioo0) - L3 op(xin
= E(llzlgp(X; b)) — E(logZ;EX; 0))
= /(logp(l’; 00))p(w; 0o)da — /(logp(x;ﬁ))p(x;ﬁo)dfr

- (e e

= K(6y,0) > 0.
So
P ([L((%))) > 1) — P (8) — £(6) > 0)
_p (%(ﬁ(@o) —00) > 0) S1O
n

This is not quite enough to show that /Q\n — 0.

Example 5 Inconsistency of an mle. In all examples so far n — oo, but the number of

parameters is fized. What if the number of parameters also goes to co? Let

Y117}/12 ~ N(M1702>

}/217}/22 ~ N(/'L270-2>

YnlaynQ ~ N(PmaOQ)-



Some calculations show that )
n V)2
N =Y
— £ 2n
i=1 j=1
It is easy to show (good test question) that

0.2

p
— —.
2

6_\2
Note that the modified estimator 262 is consistent.

The reason why consistency fails is because the dimension of the parameter space is

increasing with n.

Theorem 6 Under regularity conditions on the model {p(x;0) : 0 € O}, the mle is consis-

tent.

5 Score and Fisher Information

The score and Fisher information are the key quantities in many aspects of statistical infer-

ence. (See Section 7.3.2 of CB.) Suppose for now that 6 € R.

e S(6) = Z ((f) « score function.

Recall that the value 6 that maximizes L(0) is the maximum likelihood estimator
(mle). Equivalently, § maximizes £(#). Note that § = T(X;,...,X,) is a function of the

data. Often, we get ) by differentiation. In that case 0 solves
S(6) = 0.

We'll discuss the mle in detail later.



Some Notation: Recall that

Eq(g(X)) = / 9(x)p(; B)d.

Theorem 7 Under reqularity conditions,
Ey[S(0)] = 0.
In other words,

/ / <8logp Ty, .. 7$n;9>)p<w1"“7l‘n;9)d{[1 ..o.dx, = 0.

That is, if the expected value is taken at the same 6 as we evaluate .S, then the expectation

is 0. This does not hold when the §’s mismatch: Eqy,[S(61)] # 0.

Proof.
E(S@) = [ -
_ / . o
P
0

/6logpx ) p(z"™;0) dzy - - - dzyp
Nik

/a
p

/ / " 0) dxy - - - dxy,

p(":6) e
@ 0) p(z";0) dxy - - - dx,

Il
i

Example 8 Let Xi,..., X, ~ N(0,1). Then

n

S(0) => (X —0).

i=1

Warning: If the support of f depends on 6, then [ --- [ and % cannot be switched.

The next quantity of interest is the Fisher Information or Expected Information.

The information is used to calculate the variance of quantities that arise in inference problems

7



such as the mle 8. Tt is called information because it tells how much information is in the

likelihood about 6. The definition is:

1(0) = Eo[S(0)7]

2

= Eo[S(0)%] — (Eo[S(9)])

= Vary(S(0)) since Ey[S(0)] =0
2
= Ey {—% 6(9)} <+ easiest way to calculate

We will prove the final equality under regularity conditions shortly. I(#) grows linearly in

n, so for an iid sample, a more careful notation would be I,,(0)

— ; BT log p(X;; 0)
2

0
= —nE [@ logp(Xl;Q)} =nl(0).

L(0) = E[—aa—;zw)] = E

Note that the Fisher information is a function of # in two places:
e The derivate is w.r.t. 6 and the information is evaluated at a particular value of 6.

e The expectation is w.r.t. 6 also. The notation only allows for a single value of # because

the two quantities should match.

A related quantity of interest is the observed information, defined as
92 n 2

0
i=1

By the LLN %TH(Q)L I,(0). So observed information can be used as a good approximation

to the Fisher information.
Let us prove the identity: Ey[S(0)?] = Ey [BT(?; 6(9)} For simplicity take n = 1. First

note that

_ ;o " P’ . p" B
p=1 = p=0 = p=0 = —p=0 = E(— | =0.
p p
8



Let £ =logp and S = ¢ = p'/p. Then ¢" = (p"/p) — (p'/p)? and

/

V(s) = E<52>—<E<s>>2:E<s2>:E(%)

-~

Why is I(6) called “Information”? Later we will see that Var(0) ~ 1/1,,(0).

The Vector Case. Let 0 = (61, ,0k). L(0) and £(0) are defined as before.

o S(0) = |2 a vector of dimension K
90 |iz1, K

e Information /(#) = Var[S(f)] is the variance-covariance matrix of
S(0) = [iglij=1,- x

where

P {awe) ] |

00, 00,

e [(0)~!is the asymptotic variance of 0. (This is the inverse of the matrix, evaluated at

the proper component of the matrix.)



Example 9

X1, X, ~ N(w7)

2y
- =L¥(x; —
I(uy) = —B| 7 7 (xl L
8@ —p) g — (- p)?
n o
_ ¥
0 #]

You can check that By(S) = (0,0)7.

6 Efficiency and Asymptotic Normality

If \/n(6, — ) ~ N(0,?) then we call v* the asymptotic variance of 6,,. This is not the same

as the limit of the variance which is lim,,_,, nVar(6,).
Consider X ,. In this case, the asymptotic variance is 2. We also have that lim,, .. nVar(Yn) =

o?. In this case, they are the same. In general, the latter may be larger (or even infinite).

Example 10 (Ezample 10.1.10) Suppose we observe Y, ~ N(0,1) with probability p, and
Y, ~ N(0,02) with probability 1 — p,. We can write this as a hierachical model:

W, ~ Bernoulli(p,)
YW, ~ N(O,W, + (1—-W,)o2).
Now,
Var(Y,) = VarE(Y,|W,)+ EVar(Y,|W,)
= Var(0) + EW, + (1 = W,)02) = pu + (1 — pn)o>.

10



Suppose that p, — 1, 0, — oo and that (1 — p,)o* — co. Then Var(Y,) — co. Then
PY,<a) = p,P(Z<a)+(1—-p,)P(Z <ajo,) = P(Z <a)
and so Y, ~» N(0,1). So the asymptotic variance is 1.

Suppose we want to estimate 7(6). Let

where
2

0 0
I(0) = Var <%logp(X;8)) = —Fy <%1ogp(X; 9)) :
We call v(f) the Cramer-Rao lower bound. Generally, any well-behaved estimator will
have a limiting variance bigger than or equal to v(#). We say that W, is efficient if /n(W,,—

7(0)) ~~ N(0,v(0)).

Theorem 11 Let X1, Xo,..., be 7id. Assume that the model satisfies the regularity condi-
tions in 10.6.2. Let O be the mle. Then
Vi(r(6) = 7(60)) ~ N(0,0(9)).

So 7(0) is consistent and efficient.

We will now prove the asymptotic normality of the mle.

Theorem 12

Hence,



Hence

~ —0'(0 A
V=6~ _@,,((9)) B
Now
A:%E’ nx—ZS@X V(S —0)
where S(0, X;) is the score function based on X;. Recall that E(S(6, X;)) = 0 and Var(S(0, X;)) =
1(#). By the central limit theorem, A ~ N(0,1(8)) = \/1(9)Z where Z ~ N(0,1). By the
WLLN,

B2 — E((") = I1(0).

By Slutsky’s theorem

R R G0
So . WN(()’]L)
[ |

Theorem 11 follows by the delta method:

V6, —6) ~ N(0,1/1(9))

implies that

Vi(T(0n) = 7(0)) ~> N(0, (7'(0))*/1(0)).

The standard error of @ is
B I 1
=\ i) ~\ L0

L,(0)

The estimated standard error is

/\

The standard error of 7 = 7(

|T’ 0)] |77(0)]
1(0) I,(0)




The estimated standard error is

N O]

S

[

1(6)
Example 13 X,---, X, iid Exponential (0). Let t = 7. So: p(z;0) = e~ %, L(0) =
eHnIne J(0) = —npft +n In 0, SO) =% -nt =0 =1 =L 1"6) = 32, 1(0) =
E[-1"(0)) = 35, 0~ N (0,%).

Example 14 X|,..., X, ~ Bernoulli(p). The mle is p = X. The Fisher information for

n=11s
1) = ——
T
So
V(P —p) ~ N(0,p(1 - p)).
Informally,

ﬁ%N(p, M)-

n

The asymptotic variance is p(1 — p)/n. This can be estimated by p(1 — p)/n. That is, the

estimated standard error of the mle is

-5
oo JPL=P)
n

Now suppose we want to estimate T = p/(1 —p). The mle is T =p/(1 — p). Now

2 p _ 1
opl—p (1—p)?

The estimated standard error is

7 Relative Efficiency
If

V(W —7(0)) ~ N(0,0y)
Va(Va =7(0)) ~ N(0,07)

13



then the asymptotic relative efficiency (ARE) is

02
ARE(V,, W,) = 2%

2
v

Example 15 (10.1.17). Let X1,..., X, ~ Poisson(\). The mle of X is X. Let

So T =e*. DefineY; = I(X; =0). This suggests the estimator

1 n
LV%IZ z:;E;}Q.

Another estimator 1s the mle

Vo = e
The delta method gives
Ae—2A
Var(V,,) ~
ar(V,) -
We have
VW, —7) ~ N(0,e™(1—e?))
Vn(Vy = 1) ~ N0, e™).
So
A
ARE(W,,,V,) = <1l O
RE(W,, V,,) a1

Since the mle is efficient, we know that, in general, ARE(W,,, mle) < 1.

8 Robustness

The mle is efficient only if the model is right. The mle can be bad if the model is wrong.
That is why we should consider using nonparametric methods. One can also replace the mle

with estimators that are more robust.

14



Suppose we assume that X, ..., X,, ~ N(0,0?). The mle is :9\” = X,. Suppose, however
that we have a perturbed model X; is N (6, 0?) with probability 1 — 4 and X; is Cauchy with

probability §. Then, Var(X,,) = oo.
Consider the median M,,. We will show that

ARFE(median, mle) = .64.

But, under the perturbed model the median still performs well while the mle is terrible. In
other words, we can trade efficiency for robustness. Let us now find the limiting distribution
of M,

Let Y; = I(X; < p+a/y/n). Then Y; ~ Bernoulli(p,) where

1

pn=P(p+a/vn) = P(p) + %p(u) +o(n™) =5+ %p(u) +o(n~1?).

Also, >, Y; has mean np,, and standard deviation

On = \/1pp(1 —pp).

Note that,
1
Mngu—i—% if and only if ;Yiz ”; |
Then,
P(/i(My—p)<a) = P(M,<p+—=) =P vi> ntl
- - NZD - -2
_ P(ZiYi—npn . "T“—npn)'
O-TL gn
Now,
ntl nPn
2 — —2ap(p)
O-TL
and hence

(Vi (M, — 1) < a) = P(Z > —2ap(u)) = P (—L < a) _p (L < a)

so that

1
\/H(Mn—u)wN(O, )
For a standard Normal, (2p(0))? = .64.

15



Lecture Notes 10

Hypothesis Testing

1 Introduction

(See Chapter 8 and Chapter 10.3.)

Null hypothesis: Hy : 0 € O
Alternative hypothesis: H; : 6 € ©
where ©, N O; = (.

Example 1 X;,..., X, ~ Bernoulli(p).

1 1
Hozp:§ H1:p7é§. OJ

The question is not whether Hj is true or false. The question is whether there is sufficient
evidence to reject Hy, much like a court case.

Our possible actions are: reject Hy or retain (don’t reject) Hy.

Decision
Retain Hy Reject Hy
Hy true V Type I error

(false positive)

H;y true | Type II error V

(false negative)

Warning: Hypothesis testing should only be used when it is appropriate. Of-
ten times, people use hypothesis tetsing when it would be much more appropriate

to use confidence intervals (which is the next topic).



2 Constructing Tests
1. Choose a test statistic W = W (Xy, ..., X,).
2. Choose a rejection region R.
3. If W € R we reject Hy otherwise we retain H,.
Example 2 X, ..., X, ~ Bernoulli(p).
HOZPI% Hl:p#%-
Let W =n"13" X;. Let R={a": |w(z")—1/2| > d}. So we reject Hy if |[W —1/2| > .

We need to choose W and R so that the test has good statistical properties. We will

consider the following tests:
1. Neyman-Pearson Test
2. Wald test
3. Likelihood Ratio Test (LRT)
4. the permutation test

5. the score test (optional)

Before we discuss these methods, we first need to talk about how we evaluate tests.

3 Evaluating Tests
Suppose we reject Hy when X" = (X,...,X,) € R. Define the power function by
B(0) = Py(X™ € R).

We want ((6) to be small when 0 € ©; and we want (6) to be large when 6 € ©,.

The general strategy is:



1. Fix o € [0, 1].

2. Now try to maximize (§(6) for § € ©; subject to () < a for 6 € ©,.

We need the following definitions. A test is size a if

sup B(0) = «a.
[ASSH

A test is level « if
sup 5(0) < a.
USICH)

A size a test and a level a test are almost the same thing. The distinction is made bcause
sometimes we want a size « test and we cannot construct a test with exact size o but we

can construct one with a smaller error rate.
Example 3 X,,..., X, ~ N(0,0%) with 0® known. Suppose
HO:«9:90, Hy:0>0,.

This s called a one-sided alternative. Suppose we reject Hy if W > ¢ where

X, — 6o

T o/vn

w

Then

0= A

Oy — 0
— Plz oY
( oo o/ﬁ)
Oy — 0
= 1-0 —
()
where ® s the cdf of a standard Normal. Now

sup 3(0) = 5(f) = 1 — @(c).

(ASSH)



To get a size « test, set 1 — ®(c) = a so that
€=z

where z,, = @11 — ). Our test is: reject Hy when
X, — bo
oV

Example 4 X,,..., X, ~ N(0,0?) with 0® known. Suppose

W_

HO:QSQO, Hlie#eo.

This is called a two-sided alternative. We will reject Hy if |W| > ¢ where W is defined as
before. Now

B(O) = R(W <=+ P(W>c)
- n(m <) = (o)
O R GexD
ot aer s

- o (e S) (e o)
since ®(—x) = 1 — ®(z). The size is

B(00) = 2®(—c).

To get a size o test we set 20(—c) = a so that ¢ = =P (a/2) = P7(1 — a/2) = z4/2. The
test is: reject Hy when o
Xn
W=

> Za/g.

4 The Neyman-Pearson Test

Let C, denote all level o tests. A test in C, with power function S is uniformly most
powerful (UMP) if the following holds: if ' is the power function of any other test in C,
then 5(0) < B'(0) for all 0 € ©;.



Consider testing Hy : 0 = 6y versus Hy : = 6;. (Simple null and simple alternative.)

Theorem 5 Suppose we set

R— {x: (Z1,... %) : F(X1,..., Xn;00)

where k is chosen so that

In other words, reject Hy if

This test is a UMP level a test.

This is theorem 8.3.12 in the book. The proof is short; you should read the proof.
Notes:

1. Ignore the material on union-intersection tests and monotonote likelihood ratios (MLR).

2. In general it is hard to find UMP tests. Sometimes they don’t even exist. Still, we can

find tests with good properties.

5 The Wald Test

Let R

0, — 6o
se

W:

Under the uusal conditions we have that under Hy, W ~» N(0,1). Hence, an asymptotic
level « test is to reject when |[W| > z4/s.

For example, with Bernoulli data, to test Hy : p = po,

W — P —Do '
p(1-p)
You can also use
W = P —Do
po(1—po)



In other words, to compute the standard error, you can replace # with an estimate 0 or by

the null value 6,.

6 The Likelihood Ratio Test (LRT)

This test is simple: reject Hy if A(z™) < ¢ where

ny  SUPgeo, L(0) L(b,)
M) = supgeo L(0) L(@)

where 8, maximizes L(#) subject to 6 € Oy.
Example 6 Xi,..., X, ~ N(0,1). Suppose

Hy : 0 =0,, Hy:0#0,.
After some algebra (see page 376),

A = exp {_S(Y” - 00)2} :

So
R={z: A<c}={x: | X -6 >}

where ¢ = \/—2logc/n. Choosing ¢’ to make this level o gives: reject if |W| > z,/0 where
W = /n(X — 0y) which is the test we constructed before.
Example 7 X,,..., X, ~ N(0,0%). Suppose

H()IQSQ(), H1:97é00.

Then
L (04, 50)
L(9.5)

where oy maximizes the likelihood subject to 8 = 6y. In the homework, you will prove that

Az™) =

A(x") < ¢ corresponds to rejecting when |T,,| > k for some constant k where

X, — 0
S/vn

6

T, =




Under Hy, T, has a t-distribution with n — 1 degrees of freedom. So the final test is: reject
Hy if

|Tn| > tn—l,a/2-

This is called Student’s t-test. It was invented by William Gosset working at Guiness Brew-

eries and writing under the pseudonym Srudent.
Theorem 8 Consider testing Hy : 0 = 0y versus Hy : 0 # 6y where 8 € R. Under Hy,
—2log A(X™) ~ x3.
Hence, if we let W,, = —2log A\(X™) then
Py, (W > Xia) —
as n — oo.
Proof. Using a Taylor expansion:

1) ~ @ + @08+ D=L _ 1)+ )

and so

—2log Mz™) = 20(8) — 2¢(6,)

-~ ~ ~ ~ ~ ~

~ 20(0) — 20(0) — 0"(0)(0 — 0)* = —"(B)(0 — 0)?
B —E"(é\) R s
= Ty (A~ 00)* = A, x B,

Now Ani> 1 by the WLLN and /B,, ~ N(0,1). The result follows by Slutsky’s theorem.
[ |

Example 9 X,... X, ~ Poisson()\). We want to test Hy : X = Ao versus Hy : X # Ag.
Then
—2log A(2™) = 2n[(Ag — A) — Mog(Ao/A)].

We reject Hy when —2log AM(z™) > X7 -



Now suppose that 6 = (61, ...,0;). Suppose that H fixes some of the parameters. Then
—2log A(X") ~ x;,

where

v =dim(0) — dim(6y).
Example 10 Consider a multinomial with 0 = (py,...,ps). So
L(O) = py" -5’

Suppose we want to test
Hy:p1=p2=p3 and ps =p;

versus the alternative that Hy is false. In this case

v=4—-1=3.
The LRT test statistic is
5
A2 — [Tie Doj
(@") = ———~
[T, D

where p; = Yj/n, pio = Do = Do = (Y1 + Yo +Y3)/n, pao = pso = (1 — 3p1o)/2. These
calculations are on p 491. Make sure you understand them. Now we reject Hy if —2\(X") >
X3, O

)

7 p-values

When we test at a given level a we will reject or not reject. It is useful to summarize what
levels we would reject at and what levels we woud not reject at.

The p-value is the smallest o at which we would reject H.

In other words, we reject at all &« > p. So, if the pvalue is 0.03, then we would reject at
a = 0.05 but not at a = 0.01.

Hence, to test at level a when p < «a.



Theorem 11 Suppose we have a test of the form: reject when W (X™) > ¢. Then the p-value
when X™ = a™ is

p(x") = sup Pp(W(X") = W (z")).

[ASCH
Example 12 X;,..., X, ~ N(0,1). Test that Hy : 0 = 0y versus Hy : 0 # 0y. We reject
when |W| is large, where W = \/n(X, — 6). So

p= Py, (|Vn(X, —0)| > w) = P(|Z| > w) = 2&(—|w|).
Theorem 13 Under Hy, p ~ Unif(0, 1).

Important. Note that p is NOT equal to P(Hy|X,...,X,). The latter is a Bayesian

quantity which we will discuss later.

8 The Permutation Test

This is a very cool test. It is distribution free and it does not involve any asymptotic
approximations.

Suppose we have data

and

We want to test:
Hy: F=G versus H,:F #G.

Let
Z=(Xy,....X.,Y1,..., Y.

Create labels

L=(1,...,1,2,...,2).
—— ——

n values m values



A test statistic can be written as a function of Z and L. For example, if

then we can write N v
_ Zi:l ZiI(Li - 1) Zi:l
Ei]ilj([‘i: ) Zi]ill(LiZQ
where N = n + m. So we write W = ¢g(L, 7).
Define

N'ZI (Lr,Z) > g(L, 7))

where L, is a permutation of the labels and the sum is over all permutations. Under H,,
permuting the labels does not change the distribution. In other words, g(L, Z) has an equal
chance of having any rank among all the permuted values. That is, under Hy, ~ Unif(0, 1)
and if we reject when p < «, then we have a level « test.

Summing over all permutations is infeasible. But it suffices to use a random sample of

permutations. So we do this:

1. Compute a random permutation of the labels and compute W. Do this K times giving

values W1, ..., Wg.

2. Compute the p-value
K
Z (W; > W).

9 The Score Test (Optional)

Recall that the score statistic is

n

0 o

50) = o0

Recall that E»S(0) = 0 and VpS(0) = I,,(f). By the CLT,

s N(0,1)



under Hy. So we reject if [Z] > z,/2. The advantage of the score test is that it does not

require maximizing the likelihood function.

Example 14 For the Binomial,

n(pn _p> n
S(p , In(p) = ——
2 p(1—p) ®) p(1 —p)
and so
7 — P —Do
po(1—po)

This is the same as the Wald test in this case.

11



Lecture Notes 11
Interval Estimation (Confidence Intervals)

Chapter 9 and Chapter 10.4

1 Introduction

Find C,, = [L(Xy,...,X,),U(Xy1,...,X,)] so that
P9<L(X1,...,Xn) <H< U(Xl,...,Xn)) >1—a forall fe0O.
In other words:
0cO

iang(L(Xl,...,Xn) <f< U(Xl,...,Xn)> >1—a.

We say that C), has coverage 1 — « or that (), is a 1 —a confidence interval. Note that
C,, is random and 6 is fixed (but unknown).

More generally, a 1 — « confidence set C,, is a (random) set C,, C O such that
inf Pg (9 S Cn(Xl, c.. ,Xn)) Z 1—a.
0o
Again, C,, is random, 6 is not.

Example 1 Let Xy,...,X,, ~ N(0,0). Suppose that o is known. Let L = L(Xy,..., X)) =
X —candU =U(Xy,...,X,) =X +c. Then

P(L<O<SU) = P(X—c<0<X +¢)

— P(—c<X—-0<c)=F (—C\O{ﬁ< \/5(70—9) < Cﬁ)

-
=P <—¥ <7< %) = ®(cy/n/o) — D(—cv/n)o)
1= 2B(—cyijo) = 1—a
if we choose ¢ = 02q)a/ /. So, if we define Cy, = X,, £ 02q/y/n then
P0eC,)=1—-a

for all 6.



Example 2 X; ~ N(6;,1) fori=1,...,n. Let
Co={0eR: X =0 <32, ),

Then
Py(0 ¢ C) =Pp([|X —0|” > x20) = P(X2 > xpo) = .

Four methods:

1. Probability Inequalities
2. Inverting a test
3. Pivots

4. Large Sample Approximations

Optimal confidence intervals are confidence intervals that are as short as possible but we

will not discuss optimality.

2 Using Probability Inequalities
Intervals that are valid for finite samples can be obtained by probability inequalities.
Example 3 Let X,..., X, ~ Bernoulli(p). By Hoeffding’s inequality:

P(Ip—p| > €) < 2e72".

Let

Then



Example 4 Let X4,...,X,, ~ F. Suppose we want a confidence band for F'. We can use
VC' theory. Remember that

P (sup |F.(z) — F(x)] > e) < 272

Let
11 2
€, =1/ —log | —|.
2n & o
Then
P sup |Fy(z) — Fx)| > 4| —log (2) ] <
sup | F,, — Fl(x —log [ — Q
xp 2n & «Q
Hence,

for all F, where

We can improve this by taking

~

L(t):maX{Fn(t)—en, o}, U(t):min{ﬁn(t)+gn, 1}.

3 Inverting a Test

For each 6y, construct a level a test of Hy : 6 = 6, versus Hy : 0 # 0. Define ¢g, (™) = 1
if we reject and ¢g, (™) = 0 if we don’t reject. Let A(6y) be the acceptance region, that is,

A(By) = {x™: ¢y, (x™) = 0}. Let
C(z")={0: 2" € A(0)} ={0: ¢p(a™) = 0}.

Theorem 5 For each 0,
Py(0 e C(z"™)=1-qa.

Proof. 1 — Py(6 € C(z™)) is the probability of rejecting # when 6 is true which is o. [
|



The converse is also true: if C'(2") is a 1 — a confidence interval then the test:
reject Hy if 0y ¢ C(a™)
is a level o test.

Example 6 Suppose we use the LRT. We reject Hy when

C:{H: ﬂ2c}.
L(0)

See Example 9.2.3 for a detailed example involving the exponential distribution.

Example 7 Let Xi,...,X,, ~ N(u,0?) with 0 known. The LRT of Hy : u = g rejects
when

— o
|X - :u0| Z _nza/Q-

NG
So

A = fam s Xl < oz

and so p € C(X™) if and only if

— o
X —pf < _nza/Q-

NG

In other words,

— o
C=X=+—z,9.
VT

If o is unknown, then this becomes

S

C=X=+ "=ty 10/
\/ﬁ 1,a/2

(Good practice question.)



4 Pivots

A function Q(X1, ..., X,,0) is a pivot if the distribution of ) does not depend on 6.
For example, if X;,..., X, ~ N(6,1) then

X, — 0~ N(0,1/n)

so Q = X,, — 0 is a pivot.
Let a and b be such that

Pyla<Q(X,0)<b)>1—a

for all #. We can find such an a and b because @) is a pivot. It follows immediately that
Clz)={0: a < Q(x,0) < b}

has coverage 1 — a.

Example 8 Let Xi,..., X, ~ N(u,0?). (o known.) Then

7 — M ~ N(0,1).

We know that
P(—202 < Z < 20p2) =1—

and so

V(X — p)

P <_Za/2 < < Za/2> =1-a.

o
Thus

— o
C=X=+—z,9.
NG

If o is unknown, then this becomes

because



Example 9 Let Xi,...,X,, ~ Uniform(0,6). Let Q = X(,)/0. Then
P(Q <t)=][P(x; <to) =t

so Q is a piwot. Let ¢, = o'/™. Then

Also, P(Q < 1) = 1. Therefore,

)
l—a = Pe<@Q<1)=P(c< <1

=P 1> i >1)
C_X(n)_

X

= P(X<n>ges ”)
Cc

so a 1 — a confidence interval is

5 Large Sample Confidence Intervals

We know that, under regularity conditions,

~

0, —0

Se

~> N(0,1)

where 8, is the mle and se = 1 /A/ In(é\) So this is an asymptotic pivot and an approximate

confidence interval is

On £ 24 25€.

By the delta method, a confidence interval for 7(0) is

By inverting the LRT and using the y? limiting distribution we get the LRT large sample

C = {«9: —2log (%) < xi,a}-

6

confidence set:



Then
P9(9 c C) —1—«a

for each 6.

Example 10 Let X, ..., X, ~ Bernoulli(p). Using the Wald statistic

~+ N(0,1)
p(1-p)
so an approrimate confidence interval is
. p(l—p
P=E Zaj2 ( ) .
n

Using the LRT we get

Y n—Y
p (1-p) ) 2
C = D 2log | ) < all-
{p ) (py(l —p) =M

These intervals are different but, for large n, they are nearly the same. A finite sample

interval can be constructed by inverting a test.

6 A Pivot For the cdf

Let Xi,...,X, ~ F. We want to construct two functions L(t) = L(¢t, X) and U(t) = U(t, X)

such that
Pp(L(t) < F(t) <U(t) forallt) >1—«
for all F.
Let
K, =sup |F,(z) — F(z)|
where



is the empirical distribiton function. We claim that K, is a pivot. To see this, let U; = F(X;).
Then Uy, ..., U, ~ Uniform(0,1). So

— sgp %Z[(XZ <z)— F(x)
— s %Z [(F(X)) < F(z)) — F(x)

= swp | Y (U < F@) - F)

= sup
0<t<1

liI(Uigt)—t

n <
=1

and the latter has a distribution depending only on Uy, ..., U,. We could find, by simulation,

>C> = Q.

C={F: sup |F.(z) — F(z)| < c}.

a number ¢ such that

lzn:[(Uigt)—t

n <
=1

P ( sup
0<t<1

A confidence set is then



Lecture Notes 12
Nonparametric Inference

This is not in the text.

Suppose we want to estimate something without assuming a parametric model. Some

examples are:
1. Estimate the cdf F.
2. Estimate a density function p(x).
3. Estimate a regression function m(z) = E(Y|X = z).

4. Estimate a functional T'(P) of a distribution P for example T'(P) = E(X) = [z p(z)dz.

1 The cdf and the Empirical Probability

We already solved this problem when we did VC theory. Given Xi,..., X, ~ F where

X; € R we use,
~ ] —
(z) ”Zl (X; <)

We saw that
P(Sup \F(z) — F(z)| > e) < 9e
Hence,
sup |F(z) — F(a:)|i>0
and

sup|F(z) = Fla)| = Or ( 1) |

n
It can be shown that this is the minimax rate of convergence. In other words,

More generally, for X; € RY, we set



We saw that, for any class A with VC dimension v,

P(sup |P.(A) — P(A)| > e) < ente e,
AcA

2 Density Estimation

Xq,..., X, are iid with density p. For simplicity assume that X; € R. What happens if we

try to do maximum likelihood? The likelihood is

We can make this as large as we want by making p highly peaked at each X;. So sup, L(p) =
oo and the mle is the density that puts infinite spikes at each X;.

We will need to put some restriction on p. For example

pGP:{p: p >0, /pzl, /Ip”(w)l2dx§0}-

The most commonly used nonparametric density estimator is probably the histogram. An-
other common estimator is the kernel density estimator. A kernel K is a symmetric density

function with mean 0. The estimator is

where h > 0 is called the bandwidth.
The bandwidth controls the smoothness of the estimator. Larger h makes fn smoother.

As a loss function we will use

£(p.5) = / (0(z) — Plx))%dz.

The risk is
R=E(L(p.p) = / E(p(z) — pla))’de = / (1*(z) + v(z))da

where



is the bias and

v(x) = Var(p(z)).

Y, = K .
(5

Let

Then p,(z) =n"t>." Vi and
E(p(z)) = E liY =
g - ne -
E|{-K
)
_ /11( ) YO
~ ) po )P
= /Kt (x + ht)dt where u = z + ht

— /KT < )+ htp'(z) + E?ﬁhﬂ+dﬁvdt

h
= px /tht—l—hp(x)/tK(t)dt—i—?

= (pla) x ) () X 0)+ (@) + o)

p'(z) / 2K (t)dt + o(h?)dt

where k = [ 2K (t)dt. So

E((r) ~ ple) + 3@
and
o) ~ )
Thus




Now

E(Y?) =

)

(b ()
- /%I@ (“;m) p(u)du

1
_ E/KQ(t)p(:chht)dt 0= x+ht

Q

Z%/Kz(t)dt: 1%

where £ = [ K?(t)dt. Now

§

+ =

nh

E00P ~ () + 51 @) = £) + 00 = (o)
So , )
and
S

/v(az)da: i

Finally,
R~ hzmz /(p”(x))2dm + % = COh*

Note that

h1 —— bias T, variance |
h|] — bias], variance 1.
If we choose h = h,, to satisfy

h, — 0, nh, — o

then we see that ﬁn(:c)gp(x)

If we minimize over h we get

B ¢ 1/5_ 1 1/5
’“%) —O@ |



This gives
Ch

R= /5
for some constant C}.

Can we do better? The answer, based on minimax theory, is no.

Theorem 1 There is a constant a such that

a
infsup R(f.p) > ——.
I% ?161-17): (f p) = n4/5

So the kernel estimator achieves the minimax rate of convergence. The histogram con-

verges at the sub-optimal rate of n=2/3.

Proving these facts is beyond the scope of the
course.
There are many practical questions such as: how to choose h in practice, how to extend

to higher dimensions etc. These are discussed in 10-702 as well as other courses.

3 Regression

We observe (X1,Y7),...,(X,,Y,). Given a new X we want to predict Y. If our prediction is
m(X) then the predictive loss os (Y —m(X))?. Later in the course we will discuss prediction

in detail and we will see that the optimal predictor is the regression function

m(z) = E(Y|X = z) = / up(ylz)dy.

The kernel estimator is

ey = SV (55
LR )

The properties are similar to kernel density estimation. Again, you will study this in more

detail in some other classes.

4 Functionals

Let Xi,...,X,, ~ F. Let F be all distributions. A map T : F — R is called a statistical

functional.



Notation. Let F' be a distribution function. Let f denote the probability mass function if
F is discrete and the probability density function if ' is continuous. The integral [ g(z)dF(z)

is interpreted as follows:

g(zj)p(x;) if I is discrete
/g(:c)dF(x) = Z] 9(x;)p(z;) t

[ g(z)p(x)dx if F is continuous.

A statistical functional T'(F) is any function of of the cdf F. Examples include the
mean p = [ xdF(z), the variance 0? = [(z — pu)?dF(x), the median m = F~1(1/2), and the
largest eigenvalue of the covariance matrix 3.

The plug-in estimator of § = T'(F') is defined by

0, = T(F,).

A functional of the form [ a(x)dF(z) is called a linear functional. The empirical cdf F\n(x)
is discrete, putting mass 1/n at each X;. Hence, if T(F) = [ a(x)dF(z) is a linear functional
then the plug-in estimator for linear functional T'(F) = [ a(x)dF(x) is:

a(X;).

i=1

SEES

T(F,) = / o(2)dF, (z) =

Let §& be an estimate of the standard error of T(F,). In many cases, it turns out that
0, = T(F,) ~ N(T(F),s).
In that case, an approximate 1 — « confidence interval for T'(F') is then

é\n + Za/g S/é

We can use the Wald statistic

_é\n_eo

se

|44

to do a hypothesis test.



Example 2 (The mean) Let u = T(F) = [xdF(x). The plug-in estimator is i =
fxdﬁn(x) = X,. The standard error is se = (/Var(X,) = o/\/n. If & denotes an es-

timate of o, then the estimated standard error is s&¢ = o /y/n. A Normal-based confidence

interval for p is X, £ 24/20//n.

Example 3 (The variance) Let 0? = Var(X) = [2?dF(z) — (fxdF(x))2 The plug-in

estimator 1s

n

:%zyywﬁzx) 2)

i=1

= LY -X, ®)

Example 4 (Quantiles) Let F be strictly increasing with density f. Let T(F) = F~'(p)
be the p' quantile. The estimate of T(F) is ﬁ;l(p). We have to be a bit careful since E, is
not invertible. To avoid ambiguity we define F7Y(p) = inf{x : F,(x) > p}. We call F;'(p)

the p'" sample quantile.

How do we estimate the standard error? There are two approaches. One is based on
something called the influence function which is a nonparametric version of the score func-
tion. We won’t cover that in this course. The second approach is to use the bootstrap which

we will discuss in an upcoming lecture.

5 Optional: The Influence Function

If you are curious what the influence is, I will describe it here. This section is optional and
you can skip it if you prefer.

The influence function is defined by

Lp(z) = lim T((1—e)F +€b,) —T(F)

e—0 €



where §, denote a point mass distribution at z: §,(y) = 0if y < x and d,(y) = 1 if y > x.

The empirical influence function is defined by

() — lim T((1=e)F, + ) — T(F,)

e—0 €

The influence function is the nonparametric version of the score function. More precisely,

it behaves like the score divided by the Fisher information, L = score/information = S/1.

Theorem 5 If T is Hadamard differentiable' with respect to d(F,G) = sup, |F(z) — G(z)|
then

V(T (F,) = T(F)) ~ N(0,7%)

where 7% = [ LE(x)dF (z). Also,

where s& = 7/y/n and

J LN
A:— LQXZ
7 n; (X:)

We call the approximation (T'(F,) — T(F))/s& ~ N(0,1) the functional delta method
or the nonparametric delta method.

From the normal approximation, a large sample confidence interval is:

T(F,) + 2o .

~

Example 6 (The mean) Let § = T(F) = [xdF(x). The plug-in estimator is § =
[zdF,(x) = X,. Also, T(1—€)F+ed,) = (1—€)0+ex. Thus, L(z) = 2—0, L(z) = 2— X,
and $&° = 62 /n where 32 =n~' 3.1 (X; — X,)2. A pointwise asymptotic nonparametric 95

percent confidence interval for 0 is X, & 2§e.

'Hadamard differentiability is a smoothness condition on T



Example 7 (Quantiles) Let F' be strictly increasing with positive density f, and let T(F') =

F~L(p) be the p'* quantile. The influence function is

p—1
S <46
L(l’) _ p(0)
zﬁ’ x>0
The asymptotic variance of T(F\ ) is
? p(1—p)




Lecture Notes 13
The Bootstrap

This is mostly not in the text.

1 Introduction

Can we estimate the mean of a distribution without using a parametric model? Yes. The
key idea is to first estimate the distribution function nonparametrically. Then we can get an
estimate of the mean (and many other parameters) from the distribution function.

How can we get the standard error of that estimator? The answer is: the bootstrap. The

bootstrap is a nonparametric method for finding standard errors and confidence intervals.

Notation. Let F' be a distribution function. Let p denote the probability mass function if F'
is discrete and the probability density function if F is continuous. The integral [ g(z)dF (z)

is interpreted as follows:

> 9(xj)p(z;) if Fis discrete

/ 9(x)dF(z) = (1)

fg(x)p(:z:)dx if I is continuous.

For 0 < a < 1 define z, by P(Z > z,) = a where Z ~ N(0,1). Thus z, = (1 —a) =
—&1(a).

2 Review of The Empirical Distribution Function

The bootstrap uses the empirical distribution function. Let X7,..., X,, ~ F where F(z) =
P(X < z) is a distribution function on the real line. We can estimate I’ with the empirical
distribution function ﬁn, the cdf that puts mass 1/n at each data point Xj.

Recall that the empirical distribution function ﬁn is defined by

Fu(w) = - 10X < 0) 2)

1



where

1 if X; <z
I(X; <z)= (3)

From (1) it follows that [ g(z)dF,(z) = n"' 3", g(X;). According to the Glivenko—
Cantelli Theorem,
sup | F(x) — F(z)|- 0. (4)

~

Hence, F,, is a consistent estimator of F'. In fact, the convergence is fast. According to the

Dvoretzky—Kiefer—Wolfowitz (DKW) inequality, for any € > 0,
P(sup |F(z) — F,(z)| > e) < 2e7 (5)

If €, = ¢, /\/n where ¢, — oo, then P(sup, |F(z) — F,,(z)| > €,) — 0. Hence, sup, |F(z) —
Fy(z)] = Op(n~'12).

3 Statistical Functionals

Recall that a statistical functional T'(F) is any function of of the cdf F'. Examples include
the mean p = [ xdF(z), the variance 0® = [(z — p)?dF(z), m = F~'(1/2), and the largest
eigenvalue of the covariance matrix X..

The plug-in estimator of § = T'(F) is defined by

0, = T(F,). (6)

Let & be an estimate of the standard error of T(F,). (We will see how to get this later.)

In many cases, it turns out that
T(F,) ~ N(I(F),&). (7)
In that case, an approximate 1 — « confidence interval for T'(F') is then

T(F,) £ 20)252. (8)



Example 1 (The mean) Let p = T(F) = [xdF(x). The plug-in estimator is i =
fxdﬁn(x) = X,. The standard error is se = (/Var(X,) = o/\/n. If & denotes an es-
timate of o, then the estimated standard error is s&¢ = o /y/n. A Normal-based confidence

interval for p is X, £ 24/20//n.

Example 2 A functional of the form [ a(x)dF(x) is called a linear functional. (Recall
that [ a(z)dF(x) is defined to be [ a(x)p(x)dx in the continuous case and Y, a(x;)p(z;) in
the discrete case.) The empirical cdf ﬁn(:v) is discrete, putting mass 1/n at each X;. Hence,
if T(F) = [a(x)dF(z) is a linear functional then the plug-in estimator for linear functional

T(F) = [a(x)dF(z) is:
7@9:/@ =%Z% (9)

Example 3 (The variance) Let 0? = Var(X) = [2?dF(x) — (fxdF(x))2 The plug-in

7 = / x2dﬁn<x>—< / xdﬁn(x))2 (10)
S (15
- %i(xi—fn)? (12)

Example 4 (The skewness) Let pu and o® denote the mean and variance of a random

estimator 1s

variable X. The skewness — which measures the lack of symmetry of a distribution — is

defined to be

EX -t Ja—ptdPa) )
o? {[(x = p)2dF(z)}*?

To find the plug-in estimate, first recall that f=n"13 " X; and 0> =n~t 3" (X; — 1)%.

The plug-in estimate of K s

Jo = pdFe) _ ESL(G— R
{J@ - wpaFu)}” 7

K=

(14)



Example 5 (Correlation) Let Z = (X,Y) andlet p =T(F) = E(X —pux)(Y —puy)/(0.04)
denote the correlation between X and Y, where F(x,y) is bivariate. We can write T(F) =

CL(Tl(F>, 7—72(f7)7 T3(F>, T4(F), T5(F)) where

TV(F)= [zdF(z) Ty(F)= [ydF(z) T3(F)= [aydF(z)

(15)
Ty(F) = [2*dF(z) To(F) = [y dF(2)
and
t3 — tltg
a(ti, ..., 15) = . 16
Y ey ) )
Replace F with F, in Ty(F), ..., T5(F), and take
p=a(Tu(Fn), To(F,), To(F,), Tu( F), T5(F))- (17)
We get o -
Zz:l(Xl B Xn)(Y; - Yn) (18)

which s called the sample correlation.

Example 6 (Quantiles) Let F' be strictly increasing with density f. Let T(F) = F~1(p)
be the p™ quantile. The estimate of T(F) is ﬁ;l(p). We have to be a bit careful since E, is
not invertible. To avoid ambiguity we define F7'(p) = inf{x : F,(x) > p}. We call F7'(p)

the p'" sample quantile.

4 The Bootstrap

Let T,, = g(Xi,...,X,) be a statistic and let Varg(7},) denote the variance of T,,. We have
added the subscript F' to emphasize that the variance is itself a function of F'. In other

words
Varp(T,) = / / / (X1, Xo) = p)2dF (@) dF (z) - -~ dF ()
where

1= E(T,) ://---/g(Xl,...,Xn)dF(xl)dF(xg)---dF(a;n).

4



If we knew F we could, at least in principle, compute the variance. For example, if T, =

n~t>" X, then

o> _ [a%dF(x) — (/ mdF(x))%

Varp(T,) = ? (19)

n

In other words, the variance of =T (F,) is itself a function of F'. We can write
Varp(T,) = U(F)

for some U. Therefore, to estimate Varp (7)) we can use

—

Vary(T,) = U(F,).

This is the bootstrap estimate of the standard error. To repeat: we estimate U(F) =
Varp(T,,) with U(ﬁn) = Varg (1,,). In other words, we use a plug-in estimator of the variance.
But how can we compute Varz (7,,)7 We approximate it with a simulation estimate

denoted by vhet. Specifically, we do the following steps:

Bootstrap Variance Estimation

. Draw X,...,X: ~ F,.

. Compute T} = g(X7,..., X}).

. Repeat steps 1 and 2, B times to get 1, ,,...,T} p.
Let

5&03[\3»—

1 & 1 & i
Uboot = B Z (T;,b B ZT;,T> . (20)

b=1

By the law of large numbers, vpoo— Varﬁn (T,,) as B — oo. The estimated standard

error of T}, iS S€poot = v/Uboot- L he following diagram illustrates the bootstrap idea:

Real world: F — X,...,X, = T,=9(X1,...,X,)
Bootstrap world: F, = X7,...,X: = T'=g(X!,...,X)

n



Bootstrap for the Median

Given data X = (X(1), ..., X(n)):

T median (X)
Tboot = vector of length B

for(i in 1:N){

Xstar = sample of size n from X (with replacement)
Tboot [i] = median(Xstar)
}

se = sqrt(variance(Tboot))

Figure 1: Pseudo-code for bootstrapping the median.

O(1/v/n) O(1/VB)
Varp (Tn> ~  Va re, (Tn) ~  Uboot- (21)

How do we simulate from F\n? Since F\n gives probability 1/n to each data point, drawing
n points at random from ]3” is the same as drawing a sample of size n with replacement from

the original data. Therefore step 1 can be replaced by:

1. Draw X7,..., X with replacement from X;,..., X,.

n

Example 7 Figure 1 shows pseudo-code for using the bootstrap to estimate the standard

error of the median.

5 The Parametric Bootstrap

So far, we have estimated F' nonparametrically. There is also a parametric bootstrap.

If Fy depends on a parameter # and f is an estimate of 0, then we simply sample from Fj;

6



instead of ﬁn This is just as accurate, but much simpler than, the delta method. Here is
more detail.

Suppose that Xi,..., X, ~ p(x;0). Let 0 be the mle. Let 7 = g(0). Then 7 = g(@\) To
get the standard error of 7 we need to compute the Fisher information and then do the delta

method. The bootstrap allows us to avoid both steps. We just do the following:

1. Compute the estimate 9 from the data Xq,...,X,.

-~

2. Draw a sample X7,..., X ~ f(z;0). Compute 8; and 7 = ¢(8%) from the new data.

n

Repeat B times to get 77, ...,75.

3. Compute the standard deviation
1< 1<
=) (7 -7 whee T=53 7 (22)
b=1

No need to get the Fisher information or do the delta method.

6 Bootstrap Confidence Intervals

There are several ways to construct bootstrap confidence intervals. They vary in ease of
calculation and accuracy.

Normal Interval. The simplest is the Normal interval

-~

en + Za/2 S/éboot (23)

where Sep.. is the bootstrap estimate of the standard error.

Pivotal Intervals. Let § = T'(F') and 0, =T (F\n) We can also construct an approxi-

mate confidence interval for § using the (approximate) pivot /7n(8* — ) as follows:

(g HO=3) 5 H'()
C = <9n e b = ) (24)



where

> 1(Vall; —6) <) (25)

where

H(r)=P(Vu(0, —0) <r), H(r)=P,(I(v/n(0; - 0) <r). (26)

Theorem 8 Under appropriate conditions on T, sup, |H(u) — ﬁ(u)] L0 asn — oo and

sup, |H(u) — H(u)| 50 as B — .

Now we can show that the confidence interval has coverage that is approximately equal

to 1 — a. Applying Theorem 8 we have

~ -1 & - f{fl %
PO eC) = P(@n_wggggn_ (2)>

- B (3) < it <7 (1)
< (1)) (i (3)
< (i (1 2)) - (7 (3)
< (o (1 2)) - 0 (3)

7 Remarks About The Bootstrap

1. The bootstrap is nonparametric but it does require some assumptions. You can’t
assume it is always valid. (See the appendix.)

2. The bootstrap is an asymptotic method. Thus the coverage of the confidence interval
is 1 — a + r,, where the remainder r, — 0 as n — oo.

3. There is a related method called the jackknife where the standard error is estimated by
leaving out one observation at a time. However, the bootstrap is valid under weaker

conditions than the jackknife. See Shao and Tu (1995).
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. Another way to construct a bootstrap confidence interval is to set C' = [a, b] where a is

the /2 quantile of /8\{, . A*B and b is the 1 —a/2 quantile. This is called the percentile
interval. This interval seems very intuitive but does not have the theoretical support
of the interval in (24). However, in practice, the percentile interval and the interval in

(24) are often quite similar.

. There are many cases where the bootstrap is not formally justified. This is especially

true with discrete structures like trees and graphs. Nonethless, the bootstrap can be
used in an informal way to get some intuition of the variability of the procedure. But
keep in mind that the formal guarantees may not apply in these cases. For example,

see Holmes (2003) for a discussion of the bootstrap applied to phylogenetic tres.

. There is an improvement on the bootstrap called subsampling. In this case, we draw

samples of size m < n without replacement. Subsampling produces valid confidence
intervals under weaker conditions than the bootstrap. See Politis, Romano and Wolf

(1999).

. There are many modifications of the bootstrap that lead to more accurate confidence

intervals; see Efron (1996).

Examples

Example 9 (The Median) The top left plot of Figure 2 shows the density for a x? dis-

tribution with 4 degrees of freedom. The top right plot shows a histogam of n = 50 draws

from this distribution. Let @ = T(P) be the median. The true value is @ = 3.36. The samlpe

median turns out to be gn = 3.22. We computed B = 1000 bootstrap values 5}‘, e A;; shown

in the histogram (bottom left plot). The estimated standard error is 0.35. This is smaller

than the true standard error which is 0.44.

Next we conducted a small simulation. We drew a sample of size n and computed the 95

percent bootstrap confidence interval. We repeated this process N = 100 times. The bottom

right plot shows the 100 intervals. The vertical line is the true value of 6. The percentage
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Figure 2: Top left: density of a y? with 4 degrees of freedom. The vertical line shows the
median. Top right: n = 50 draw from the distribution. Bottom left: B = 1000 boostrap

values @\T, e ,5*3. Bottom right: Bootstrap confidence intervals from 100 experiments.

of intervals that cover 0 is 0.83 which shows that the bootstrap interval undercovers in this

case.

Example 10 (Nonparametric Regression) The bootstrap is often used informally to get
a sense of the variability of a procedure. Consider the data (X1,Y1),...,(X,,Y,) in the
top left plot of Figure 3. To estimate the regression function m(x) = E(Y|X = z) we
use a kernel regression estimator giwen by m(z) = >.¢  Yiw;(x) where wi(z) = K((x —
Xi)/h)/ > K((x — X;)/h) and K(x) = e /2 is a Gaussian kernel. The estimated curve
15 shown in the top right plot. We now create B = 1,000 boostrap replications resulting in

curves mj, ..., mjy in the bottom left plot. At each x, we find the .025 and .975 quantile of

10



the bootstrap replications. This reults in the upper and lower band in the bottom right plot.
The bootstrap reveals greater variability in the estimated curve around x = —0.5. The reason
why we call this an informal use of the bootstrap is that the bands shown in the lower right
plot are not rigorous confidence bands. There are several reasons for this. First, we used a
percentile interval (described in the earlier list of remarks) rather than the interval defined by
(24). Second, we have not adjusted for the fact that we are making simultaneous bands over
all x. Finally, the theory of the bootstrap does not directly apply to nonparametric smoothing.
Roughly speaking, we are really creating approzimate confidence intervals for E(m(x)) rather
than for m(x). Despite these shortcomings, the bootstrap is still regarded as a useful tool
here but we must keep in mind that it is being used in an informal way. Some authors refer

to the bands as variability bands rather than confidence bands for this reason.

Example 11 (Estimating Eigenvalues) Let Xi,..., X, be random vectors where X; €
RP and let 33 be the covariance matriz of X;. A common dimension reduction technique is
principal components which involves finding the spectral decomposition ¥ = EAET where the
columns of E are the eigenvectors of ¥ and A is a diagonal matrixz whose diagonal elements
are the ordered eigenvalues \y > --- > \,. The data dimension can be reduced to ¢ < p by
projecting each data point onto the first q eigenvalues. We choose q such that Z?:q—&-l )\? 8
small. Of course, we need to estimate the eigenvectors and eigenvalues. For now, let us focus

on estimating the largest eigenvalue and denote this by 6. An estimate of 0 is the largest

principal component ) of the sample covariance matrix

S = % f:(xi CX)(X; - X7 (27)

It s not at all obvious how can can estimate the standard error of@\ or how to find a confidence

interval for 6. In this example, the bootstrap works as follows. Draw a sample of size n with

replacement from Xi,...,X,. The new sample is denoted by X7,..., X

». Compute the
sample covariance matriz S* of the new data and let 0* denote the largest eigenvector of S*.

Repeat this process B times where B is typically about 10,000. This yields bootstrap values

11
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Figure 3: Top left: the data (Xi,Y1),...,(X,,Y,). Top right: kernel regression estimator.
Bottom left: 1,000 bootstrap replications. Bottom right: 95 percent variability bands.
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(9\?, e ,5*3. The standard deviation of gf, e ,5*3 is an estimate of the standard error of the
original estimator 0.
Figure J shows a PCA analysis of US arrest data. The last plot shows bootstrap replica-

tions of the first principal component.

Example 12 (Median Regression) Consider the linear regression model
Y, = X8 +e. (28)
Instead of using least squares to estimate (3, define B to minimize
median|Y; — X} 3. (29)

The resulting estimator 3 18 more resistant to outliers than the least squares estimator. But
how can we find the standard error of B ¢ Using the bootstrap approach, we resample the pairs
of data to get the bootstrap sample (X{,Y)"),...,(X:Y.") and then we get the corresponding
bootstrap estimate B\* We can repeat this many times and use the standard deviation of the
bootstrap estimates to estimate the standard error of B\ . Figure 5 shows bootstrap replications
of fits from regression and robust regression (minimizing Ly error instead of squared error)

m a dataset with an outlier.

Warning! The bootstrap is not magic. Its validity requires some conditions to hold.

When the conditions don’t hold, the bootstrap, like any method, can give misleading answers.

13
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Figure 5: Robust Regression
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Lecture Notes 14
Bayesian Inference

Relevant material is scattered throughout the book: see sections 7.2.3, 8.2.2, 9.2.4 and

9.3.3. We will also cover some material that is not in the book.

1 Introduction

So far we have been using frequentist (or classical) methods. In the frequentist approach,
probability is interpreted as long run frequencies. The goal of frequentist inference is to
create procedures with long run guarantees. Indeed, a better name for frequentist inference
might be procedural inference. Moreover, the guarantees should be uniform over 6 if possible.
For example, a confidence interval traps the true value of 6 with probability 1 — «, no matter
what the true value of 6 is. In frequentist inference, procedures are random while
parameters are fixed, unknown quantities.

In the Bayesian approach, probability is regarded as a measure of subjective degree of
belief. In this framework, everything, including parameters, is regarded as random. There
are no long run frequency guarantees. Bayesian inference is quite controversial.

Note that when we used Bayes estimators in minimax theory, we were not doing Bayesian
inference. We were simply using Bayesian estimators as a method to derive minimax esti-

madtors.

2 The Mechanics of Bayes

Let Xi,..., X, ~ p(z]f). In Bayes we also include a prior (). It follows from Bayes’

theorem that the posterior distribution of € given the data is

_ p(X17 e ,Xn|0)ﬂ-(8)
7-((9|X1,...,Xn) - m(Xl,...,Xn)

where

m(X1,. .. X,) = /p(Xl,...,Xn|9)7r(9)d9.

1



Hence,
(0| Xq,...,X,) o< L(0)7(6)

where L(0) = p(X1, ..., X,|0) is the likelihood function. The interpretation is that 7(6] X7, . ..
represents your subjective beliefs about 6 after observing Xi,..., X,,.

A commonly used point estimator is the posterior mean

0=E@|X,,...,X,) = /977(9]X1,...,Xn)d9 = %.

For interval estimation we use C' = (a,b) where a and b are chosen so that
/bw(9|xl,...,xn) 1—a

This interpretation is that
POeClXy,....Xp) =1—q.

This does not mean that C' traps 6 with probability 1 — a. We will discuss the distinction

in detail later.

Example 1 Let Xi,..., X, ~ Bernoulli(p). Let the prior be p ~ Beta(«, 5). Hence

[(a+ 5)
™) = Farp)

and

SetY =5".X;. Then

7(p|X) ?Yl _ pn—Yl w211 — p,B—lj o pY a1y _ pnY+B-1
likeﬁﬁood p;i;r

Therefore, p|X ~ Beta(Y + a,n —Y + ). (See page 325 for more details.) The Bayes
estimator 1S

- Y +« Y +«

P Y+a)+(n—=Y+p5) a+p+n ( P b
where
_ o« _a+f
P=asp Ca+B+n

This is an example of a conjugate prior.



Example 2 Let Xi,..., X, ~ N(u,0?) with 0® known. Let u ~ N(m,7?). Then

2

— z
E(M|X):T2+U_;X+Tz+%2m
and
a’t%/n
Var(ulX) = }
) = 2L

n

3 Where Does the Prior Come From?

This is the million dollar question. In principle, the Bayesian is supposed to choose a prior
7 that represents their prior information. This will be challenging in high dimensional cases
to say the least. Also, critics will say that someone’s prior opinions should not be included
in a data analysis because this is not scientific.

There has been some effort to define “noninformative priors” but this has not worked

out so well. An example is the Jeffreys prior which is defined to be

You can use a flat prior but be aware that this prior doesn’t retain its flatness under trans-
formations. In high dimensional cases, the prior ends up being highly influential. The result
is that Bayesian methds tend to have poor frequentist behavior. We’ll return to this point
soon.

It is common to use flat priors even if they don’t integrate to 1. This is posible since the

posterior might still integrate to 1 even if the prior doesn’t.

4 Large Sample Theory

There is a Bayesian central limit theorem. In nice models, with large n,

T(01X1, ..., X)) ~ N <5, L) (1)



where gn is the mle and [ is the Fisher information. In these cases, the 1 — a Bayesian
intervals will be approximately the same as the frequentist confidence intervals. That is, an

approximate 1 — « posterior interval is

which is the Wald confidence interval. However, this is only true if n is large and the
dimension of the model is fixed.

Here is a rough derivation of (1). Note that

log m(0] X1, ..., X,) = Y logp(X;|0) + log 7(6) — log C

i=1
where C' is the normalizing constant. Now the sum has n terms which grows with sample

size. The last two terms are O(1). So the sum dominates, that is,

logm(0|Xy,...,X,) = Zlogp(XiIG) = ((0).

i=1

Next, we note that

-~ ~

apa L G906

~

Now #'(0) = 0 so

Thus, approximately,

where

o~ -

_6//(9)
Let ¢; = logp(Xi|é\0) where 6 is the true value. Since 6 =~ 6,
1" (7 1" % 1 % o )
0"(0) ~ "(6p) = Ze = nEZQ ~ —nly(6y) ~ —nly(0) = —1,(0)

and therefore, 02 ~ 1/1,,(0).



5 Bayes Versus Frequentist

In general, Bayesian and frequentist inferences can be quite different. If C'is a 1 —a Bayesian
interval then

PeClX)=1-a.
This does not imply that

frequentist coverage = ilgf PelC)=1-a.

Typically, a 1 — o Bayesian interval has coverage lower than 1 — «. Suppose you wake
up everyday and produce a Bayesian 95 percent interval for some parameter. (A different
parameter everyday.) The fraction of times your interval contains the true parameter will

not be 95 percent. Here are some examples to make this clear.

Example 3 Normal means. Let X; ~ N(u;, 1), i = 1,...,n. Suppose we use the flat
prior w(pa, ..., fn) < 1. Then, with u = (p1,..., 1), the posterior for p is multivariate
Normal with mean X = (Xy,...,X,) and covariance matriz equal to the identity matric.
Let 0 =>"7"  p?. Let C, = [cn,00) where ¢, is chosen so that P(6 € C,|X7,..., X,) = .95.
How often, in the frequentist sense, does C,, trap 0% Stein (1959) showed that

P.(0eC,) —0, asn— oo.
Thus, P,(0 € C,) = 0 even though P(0 € C,|X1,...,X,) = .95.

Example 4 Sampling to a Foregone Conclusion. Let X, Xs,... ~ N(0,1). Suppose
we continue sampling until T > k where T = \/n|X,,| and k is a fized number, say, k = 20.
The sample size N is now a random variable. It can be shown that P(N < oo) = 1. It
can also be shown that the posterior w(0| Xy, ..., Xn) is the same as if N had been fized
in advance. That is, the randomness in N does not affect the posterior. Now if the prior
7(6) is smooth then the posterior is approvimately 0|X1,..., Xy ~ N(X,,1/n). Hence, if
C, =X, £1.96/\/n then P(§ € C,|X1,...,Xn) ~ .95. Notice that 0 is never in C,, since,

when we stop sampling, T > 20, and therefore
< _ 1.96 - 20 1.96 -
oyn T n Jn
5

0. 2)



Hence, when 6 =0, Py(0 € C,,)) = 0. Thus, the coverage is
Coverage = ir€1f Py( € C,,) = 0.

This is called sampling to a foregone conclusion and is a real issue in sequential clinical

trials.

Example 5 Here is an example we discussed earlier. Let C = {c1,...,cn} be a finite set
of constants. For simplicity, asssume that ¢; € {0,1} (although this is not important). Let
=Nt Zjvzl c;. Suppose we want to estimate 0. We proceed as follows. Let Si,...,S, ~
Bernoulli(7) where 7 is known. If S; = 1 you get to see ¢;. Otherwise, you do not. (This is

an example of survey sampling.) The likelihood function is
Hﬂs"(l — )5,

The unknown parameter does not appear in the likelihood. In fact, there are no unknown
parameters in the likelihood! The likelihood function contains no information at all. The
posterior is the same as the prior.

But we can estimate 0. Let N
1
6 = m Z Cij.
j=1
Then ]E(a) = 0. Hoeffding’s inequality implies that
P(|0 — 0] > €) < 2672,

Hence, 0 is close to 0 with high probability. In particular, a 1 — « confidence interval is

6+ Vog(2/a)/(2n7?).

6 Bayesian Computing

If6 = (64,...,0,)is a vector then the posterior 7(6|Xy, ..., X, ) is a multivariate distribution.
If you are interested in one parameter, ¢, for example, then you need to find the marginal

posterior:

7T(91|X1,,Xn):/ﬂ'(el,,9p|X1,,Xn)d92 d0p

6



Usually, this integral is intractable. In practice, we resort to Monte Carlo methods. These

are discussed in 36,/10-702.

7 Bayesian Hypothesis Testing
Bayesian hypothesis testing can be done as follows. Suppose that § € R and we want to test
H0:9:90 and H1:97£90.

If we really believe that there is a positive prior probability that Hy is true then we can use

a prior of the form

adg, + (1 — a)g(0)

where 0 < a < 1 is the prior probability that Hj is true and g is a smooth prior density over
0 which represents our prior beliefs about 6 when Hj is false. It follows from Bayes’ theorem
that

ap(X1, ..., Xnl60) aL(6o)
PO =0X,,....X,) = -
( 0o/ X1, ..., Xy) ap(Xi, .., Xul0o) + (1 —a) [ p(X1,..., X,|0)g(0)d0  aL(6y) + (1 —a)m

where m = [ L(0)g(#)df. It can be shown that P(6 = 6p| X7, ..., X)) is very sensitive to the
choice of g.
Sometimes, people like to summarize the test by using the Bayes factor B which is defined

to be the posterior odds divided by the prior odds:

terior odd
p  Posterior odds

prior odds

where

P(9 == 90|X1, e ,Xn)
1 —P(9:60’X1,,Xn)
aL()
aL(00)+(1—a)m
(1—a)m
aL(00)+(1—a)m

CLL(Q())
(1 —a)m

posterior odds =



and

. (0=
prior odds = =
£

and hence

Example 6 Let Xy,ldots, X,, ~ N(0,1). Let’s test Hy : 6 = 0 versus Hy : 6 # 0. Suppose
we take g(6) to be N(0,1). Thus,

1
g(e):\/—2_ﬂe 0/2.

Let us further take a = 1/2. Then, after some tedious integration to compute m(Xy, ..., X,)

we get
PO = 6o Xy,...,X,) =
efny2/2

e-nYQ/QJr \/nIJrle—nYQ/(Q(n—&-l))'

On the other hand, the p-value for the usual test is p = 2®(—/n|X|). Figure 1 shows

the posterior of Hy and the p-value as a function of X when n = 100. Note that they are
very different. Unlike in estimation, in testing there is little agreement between Bayes and

frequentist methods.

8 Conclusion

Bayesian and frequentist inference are answering two different questions. Frequentist infer-
ence answers the question:

How do | construct a procedure that has frequency guarantees?

Bayesian inference answers the question:

How do | update my subjective beliefs after | observe some data?

In parametric models, if n is large and the dimension of the model is fixed, Bayes and

frequentist procedures will be similar. Otherwise, they can be quite different.
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Figure 1: Solid line: P(6 = 0]X1,...,X,,) versus X. Dashed line: p-value versus X.



Lecture Notes 15
Prediction

This is mostly not in the text. Some relevant material is in Chapters 11 and

12.

1 Introduction

We observe training data (X1,Y1),...,(X,,Y,). Given a new pair (X, Y) we want to predict

Y from X. There are two common versions:

1. Y € {0,1}. This is called classification, or discrimination, or pattern recognition.

(More generally, Y can be discrete.)
2. Y € R. This is called regression.

For classification we will use the following loss function. Let h(x) be or prediction of Y
when X = z. Thus h(z) € {0,1}. The function h is called a classifier. The classification
loss is I(Y # h(X)) and the the classification risk is

R(h) = B(Y # h(X)) = E(I(Y # h(X))).

For regression, suppose our prediction of Y when X = x is g(z). We will use the squared

error prediction loss (Y — ¢g(X))? and the risk is

R(g) = E(Y — g(X))*.

2 Regression

Theorem 1 R(g) is minimized by

m(z) = E(Y|X = z) = / y p(ylz)dy.



Proof. Let g(z) be any function of z. Then

R(g) = E(Y —g(X))* =E(Y —m(X) +m(X) — g(X))*
= E(Y - m(X))* + E(m(X) — g(X))* + 2E((Y — m(X))(m(X) — g(X)))
> E(Y —m(X))* + 2E((Y — m(X))(m(X) — g(X)))

= E(Y - m(X))? + 2EE <<Y — m(X)(m(X) — g(X)) ‘ X)
_ B(Y - m(X))? + 2E ((E(Y\X) — m(X))(m(X) g<X>>>
_ B(Y — m(X))? 4 2E <<m<x> — m(X))(m(X) g<X>>>
= E(Y - m(X))? = R(m).

[ |

Hence, to do make predictions, we need to estimate m(z) = E(Y|X = z). The simplest
apprach is to use a parametric model. In particular, the linear regression model assumes
that m(z) is a linear function of x. (More precisely, we seek the best linear predictor.)

Suppose that X; € RP so that
X = (X1, .., Xip)"

Then the linear regression model is
p
m(z) = fo + Z B
j=1

We can write

p
Yi=PBo+ Y BiXy+e, i=1..n
j=1

where €1, ..., €, are iid with mean 0.

If we use the convention that X;; = 1 then we can write the model more simply as

p
7=1



where ﬁ = (51, N ,ﬁp)T and Xl = (Xﬂ, . ,Xip)T.
Let us define Y = (Y1,...,Y,)T, € = (e1,...,¢6,)T and let X be the n x p matrix with
X(4,j) = Xi;. Then we can write (1) as

Y=X[+e

The least squares estimator B is the  that minimizes

n

d (i X8 =y - X8|

i=1

Theorem 2 Suppose that X* X is invertible. Then the least squares estimator is
B=(XTX)"'X"y.
The fitted values or predicted values are Y = (371, o ,?n)T where

Y, = XT3

7

Hence,
where

is called the hat matriz.

Theorem 3 The matriz H is symmetric and idempotent: H?> = H. Moreover, HY is the

projection of Y onto the column space of X.

This is discussed in more detail in 36-707 and 10/36-702.

Theorem 4 Suppose that the linear model is correct.' Also, suppose that Var(e;) = o2.

Then,
V(B = B) ~ N(0,0°X"X).

1This model is virtually never correct, so view this result with caution.

3



Under the (questionable) assumption that the linear model is correct, we can also say

the following. A consistent estimator of o2 is

_, RSS
o =
n—p

and

VR =8) _, nio)

Sj
where the standard error s; is the j™ diagonal element of 2X7X. To test Hy : g] =0

versus H; : B\j # 0 we reject if | §j| /8)j > Zas2- An approximate 1 — a confidence interval for
6] is
Bj + Raf28j-

Theorem 5 Suppose that the linear model is correct and that €y, ..., e, ~ N(0,0%). Then

the least squares estimator is the maximum likelihood estimator.

3 Linear Prediction When the Model is Wrong

When the model is wrong (and it always is) the least squares estimator still has the following

good property. Let 8, minimize
R(B) =E(Y — X"B)%.
We call £, (x) = 273, the best linear predictor.
Theorem 6 Under weak conditions,
R(B) = R(B.) 0.

Hence, the least squares estimator approximates the best linear predictor. Let’s prove

this in the case with one covariate. Then

R(B) =E(Y — X3)? = E(Y)? — 28E(XY) + B*E(X?).



Minimizing with respect to 5 we get

E(XY)

= E)

assuming that 0 < E(X?) < co and E(XY') < co. Now

Zi XiY; _ %Zz XiY;
Zinz - %Z'LXE

By the law of large numbers and the continuous mapping theorem:

B=

CEYR

Since R(f) is a continuous function of 3, it follows from the continuous mapping theorem

that
R(B) = R(B.).
In fact,
S ISLXY, E(XY) 4+ 0p(L/VA) .
and
R(B) = R(8,) + (B - BIR(B.) + o(B — 8.)
and so

R(B) — R(8.) + Op(1/v/n).

The message here is that least squares estimates the best linear predictor: we don’t have to

assume that the truth is linear.

4 Nonparametric Regression

Suppose we want to estimate m(x) where we only assume that m is a smooth function. The

kernel regression estimator is

m(x) = Z Y wi(x)



1.0

0.5
|

-0.5
|

-1.0
|

Figure 1: A kernel regression estimator.

e (1)
w5

Here K is a kernel and A is a bandwidth. The properties are simialr to that of kernel density

where

w;(x)

estimation. The properties of m are discussed in more detail in the 36-707 and in 10-702.

An example is shown in Figure 1.



5 Classification
The best classifier is the so-called Bayes classifier defined by:
hi(e) = I(m(z) > 1/2)
where m(z) = E(Y|X = x).
Theorem 7 For any h, R(h) > R(hp).
Proof. For any h,
R(h) = Rhg) = B(Y # h(X)) = B(Y # hp(X))
— [ B £ h@IX = a)pla)ds — [ B £ ha(@)]X = o)p(a)ds
— [ B £ H@)X =) = B # hala)|X = ) pla)d
We will show that
P(Y # h@)lX = ) = B(Y # hu(2)|X = 1) > 0
for all z. Now
P(Y # h@)X = 1) — B # ha(a)|X = o)
= (h(x)]P’(Y #1X =2)+ (1 = h(z))P(Y #0|X = x))
- (hB(x)]P’(Y £1X =2) + (1 — hp(@)P(Y £ 01X = x)>
= (@)1 = m(2)) + (1 - h(z))m(x)

— (ha(@)(1 = m(2)) + (1 - hg(z))m(z))
— 2(m(z) - 1/2)(hp(x) - h(x)) = 0

since hp(x) =1 if and only if m(z) > 1/2. O M



The most direct approach to classification is empirical risk minimization (ERM). We
start with a set of classifiers H. Each h € H is a function h : @ — {0, 1}. The training error

or empirical risk is
~ 1 <&
R(h) = =) I(Y; # h(X))).
(1) = 5 D107 £ (X0
We choose T to minimize R:
h= argminheHﬁ(h).
For example, a linear classifier has the form hg(z) = I(872 > 0). The set of linear

classifiers is H = {hg : 8 € RP}.

Theorem 8 Suppose that H has VC dimension d < oo. Let h be the empirical risk mini-
mazer and let

h, = argmin,,, R(h)

be the best classifier in H. Then, for any € > 0,
P(R(h) > R(h.) + 2¢) < conte ¢
for some constnts ¢, and cs.
Proof. Recall that

]P’(Sllp |§<h) — R(h)’ > 6) < CQndeinc2€2_
heH

But when supjcy |R(h) — R(h)| < € we have
R(h) < R(h)+e<R(h.)+e<R(h)+2e. O

[ |

Empirical risk minimization is difficult because fi(h) is not a smooth function. Thus,
we often use other approaches. One idea is to use a surrogate loss function. To expain this
idea, it will be convenient to relabel the Y;’s as being +1 or -1. Many classifiers then take

the form
h(z) = sign(f(z))

8



for some f(z). For example, linear classifiers have f(z) = z7 3. Th classification loss is then
LY, £,X) = I(Y f(X) < 0)

since an error occurs if and only if Y and f(X) have different signs. An example of surrogate

loss is the hinge function

(1 =Y f(X))+
Instead of minimizing classification loss, we minimize

(1= Yif (X))
The resulting classifier is called a support vector machine.
Another approach to classification is plug-in clasification. We replace the Bayes rule
hg = I(m(z) > 1/2) with
h(z) = I((z) > 1/2)

where m is an estimate of the regression function. The estimate m can be parametric or
nonparametric.
A common parametric estimator is logistic regression. Here, we assume that

T
e B

m(z; B) = T

Since Y; is Bernoulli, the likeihood is

n

L(B) = Hm(Xi§ BV (1 —m(X;; 8) T

i=1
We compute the mle E numerically. See Section 12.3 of the text.
What is the relationship between classification and regression? Generally speaking, clas-

sification is easier. This follows from the next result.

Theorem 9 Let m(z) = E(Y|X = x) and let hy,(x) = I(m(x) > 1/2) be the Bayes rule.
Let g be any function and let hy(x) = I(g(x) > 1/2). Then

R@ﬁ—R@Msz¢/mmwwmmmwwy



Proof. We showed earlier that
Rlly) = Rl = [ (Y # hy(@)lX = 2) = B(Y # hu(2)|X = 2)]dP(2)
and that
B(Y # hy(@)|X = @) = BY # hn(@)|X = 2) = 2(m(x) — 1/2) () — hy ).

Now

2(m(z) = 1/2) () — hy(2)) = 2m(z) = 1/2| I(hn(2) # hy(2)) < 2m(z) - g(x)]
since ho (z) # hy(z) implies that [m(z) — 1/2| < |m(z) — g(z)|. Hence,

Rly) = Rlhw) = 2 [ (o) = 1/2{1(ln(z) # by(e))dP(@)
< 2 [ Im(a) - g(o)laP(z)

< \/ / l9(x) — m(z)|2dP(z)

where the last setp follows from the Cauchy-Schwartz inequality. [J

Hence, if we have an estimator m such that [ |m(xz) — m(x)|*dP(x) is small, then the

excess classification risk is also small. But the reverse is not true.

10



Lecture Notes 16

Model Selection

Not in the text.

1 Introduction

Sometimes we have a set of possible models and we want to choose the best model. Model

selection methods help us choose a good model. Here are some examples.

Example 1 Suppose you use a polynomial to model the regression function:
m(z) =EY|X =x) = fo + friz+ - + Bpa?.

You will need to choose the order of polynomial p. We can think of this as a sequence of

models My, ..., M,, ... indexed by p.

Example 2 Suppose you have data Yi,...,Y, on age at death for n people. You want to

model the distribution of Y. Some popular models are:
1. M: the exponential distribution: f(y;0) = fe%.
2. My: the gamma distribution: f(y;a,b) = (b*/T'(a))y* te=%.
3. Ms: the log-normal distribution: we take logY ~ N(u,0?).

Example 3 Suppose you have time series data Y1,Ys,.... A common model is the AR

(autoregressive model):
Vi=aYi+aY o+ +aYip+e

where ¢, ~ N(0,02). The number k is called the order of the model. We need to choose k.



Example 4 In a linear regression model, you need to choose which variables to include in
the regression. This is called variable selection. This problem is discussed at length in 36-707

and 10-702.

The most common model selections methods are:

1. AIC (and related methods like C,).

2. Cross-validation.

3. BIC (and related methods like MDL, Bayesian model selection).
We need to distinguish between 2 goals:

1. Find the model that gives the best prediction (without assuming that any of the models

are correct).
2. Assume one of the models is the true model and find the “true” model.

Generally speaking, AIC and cross-validation are used for goal 1 while BIC is used for

goal 2.

2 AIC
Suppose we have models My, ..., M; where each model is a set of densities:
Mj = {p(y; QJ) : 9j S QJ}

We have data Yi,...,Y, drawn from some density f. We do not assume that f is in

any of the models.



Let (/9\] be the mle from model j. An estimate of f, based on model j is f](y) = p(y; gj)
The quality of J?j(y) as an estimate of f can be measured by the Kullback-Leibler distance:

K(f.f) = /p(y) log (M> d

fi(y)

= / p(y) log p(y)dy — / p(y) log f;(y)dy.

The first term does not depend on j. So minimizing K ( f, f]) over j is the same as maximizing

Kj= /p(y) log p(y; ;) dy.
We need to estimate K. Intuitively, you might think that a good estimate of K is

1L ~ 000
K= 53 togp(v:8)) = 1%
=1

where ¢;(6;) is the log-likelihood funcion for model j. However, this estimate is very biased
because the data are being used twice: first to get the mle and second to estimate the
integral. Akaike showed that the bias is approximately d;/n where d; = dimension(0;).
Therefore we use R

4(0;) d;

R=bl) 4 g 4
n n n

Now, define

AIC(j) = 2nK; = £;(0;) — 2d;.
Notice that maximizing K ; is the same as maximizing AIC(j) over j. Why do we multiply
by 2n? Just for historical reasons. We can multiply by any constant; it won’t change which
model we pick. In fact, different texts use different versions of AIC.

AIC stands for “Akaike Informaion Criterion.” Akaike was a famous Japanese statistician

who died recently (August 2009).

3 Theoretical Derivation of AIC

Let us now look closer to see where the formulas come from. Recall that

K; = /p(y) log p(y; 0;)dy.
3



For simplicity, let us focus on one model and drop the subscript 7. We want to estimate

K= /p(y) log p(y; ) dy.

Our goal is to show that

where

and d is the dimension of 6.

Some Notation and Background. Let 6y minimize K(f,p(-;0)). So p(y;6y) is the
closest density in the model to the true density. Let ¢(y, ) = log p(y;6) and

dlog p(y; 0
s(y.0) = 2oBPED)

be the score and let H(y, #) be the matrix of second derivatives.

Let Z, = /n(6 — 6) and recall that
Zy ~ N(0,J'VJ™h

where J = —E[H (Y, 0,)] and
V = Var(s(Y, 6p)).

In class we proved that V = J~!. But that proof assumed the model was correct. We are

not assuming that. Let
1 n
Sp ==Y s(Vi,0p).

n <
=1

By the CLT,
V/nS, ~ N(0,V)

Hence, in distribution

JZ, = \/nS,. (1)



Here we used the fact that Var(AX) = A(VarX)A”. Thus
Var(JZ,) = J(J'VI HJ =V.

We will need one other fact. Let € be a random vector with mean g and covariance .
Let
Q = €’ Ae.

(@ is a called a quadratic form.) Then

E(Q) = trace(AY) + u’ Ap.

The details. By using a Taylor series

K = /p(y) (10gp(y; é\0) + (60— 60)"s(y. 0o) + %(a— 00)" H(y, 90)@\— Qo)) dy

1
= Ky——2'JZ,
2n

where
Ko = /p(y) log p(y; 6o)dy,

The second term dropped out because, like the score function, it has mean 0. Again we do

a Taylor series to get

K

Q

1~ T ~
3 (1004 T 7000 0+ 50— 010, 00~ )

1
= Ko+ A, + (9 —00)"'S, — %ZEJnZn

7T 1
nSn —7rjz,
vn on

Q

Ko+ A, +

where



and

Hence,
zZrs, zZrjz,
- 0~ + -
n n

where we used (1). We conclude that

T —1y7 7-1 1
E(K — K) ~ E(A,) + E (Zn JZn) o0+ trace(J J1VJ1) _ trace(J V)

n n n

-1
P trace(J V)‘

If the model is correct, then J~' = V so that trace(J V) = trace(I) = p. Thus we would
use

K~K —

33

You can see that there are a lot of approximations and assumptions being used. So AIC

is a very crude tool. Cross-validation is much more reliable.

4 Cross-Validation

There are various flavors of cross-validation. In general, the data are split into a training set
and a test set. The models are fit on the training set and are used to predict the test set.
Usually, many such splits are used and the result are averaged over splits. However, to keep
things simple, we will use a single split.

Suppose again that we have models My,..., M. Assume there are 2n data points.
Split the data randomly into two halves that we will denote D = (Yi,...,Y,) and T =
(Y, ...,Y"). Use D to find the mle’s 5] Then define

~ 1 < .~
Kj == logp(Y/';6).
=1



Note that ]E(IA( ;) = Kj; there is no bias because 53 is independent of Y;*. We will assume

that | log p(y; 0)| < B < co. By Hoeffding’s inequality,
P(max ][/(\'J —Kj|>¢€) < 2ke 2"/ (2B%),
j

Let

o \/232 log(2k /)

n

Then

P(maXHA(j - Kj| >¢,) <a.
J

If we choose 3 = argmaxjf( ;, then, with probability at least 1 — «,

2B2? log(2k log k
K;ZmaXKj—Z\/ o8 /a):maij—O<Og >
j

n J n

So with high probability, you choose close to the best model. This argument can be improved
and also applies to regression, classification etc. Of course, with regression, the loss function

is E(Y — m(X))? and the cross-validation score is then

1
LS - m(x)?
n <
=1
For classification we use
1 - * *
=~ 107 # (X)),
i=1

We have made essentially no assumptions or approximations. (The bounded on log f can
be relaxed.) The beauty of cross-validation is its simpicity and generality. It can be shown
that AIC and cross-validation have very similar behavior. But, cross-validation works under

weaker conditions.

5 BIC

BIC stands for Bayesian Information Criterion. It is also known as the Schwarz Criterion
after Gideon Schwarz. It is virtually identical to the MDL (minimum description length)

criterion.



We choose j to maximize
~d
BIC] = @(93) — 5] log n.
This is the same as AIC but the penalty is harsher. Thus, BIC tends to choose simpler
models. Here is the derivation.

We put a prior 7;(6;) on the parameter 6;. We also put a prior probability p; that model
M is the true model. By Bayes theorem

P(M;|Yy,...,Y,) < p(Y1,..., Y, M;)p;.
Furthermore,
p(Y1, ..., Y, M;) = /p(Yl, ce Yo MG, 0)T(0;)dE; = /L(Hj)ﬂj(Oj)de.
We know choose j to maximize P(M;|Y1,...,Y,). Equivalently, we choose j to maximize
log/L(Hj)ﬂj(Hj)de + log p;.
Some Taylor series approximations show that
1og/L(9j)7rj(9j)d9j +logp; ~ £;(8;) — %logn — BIC;.

What happened to the prior? It can be shown that the terms involving the prior are lower
order than the term that appear in formula for BIC; so they have been dropped.

BIC behaves quite differently than AIC or cross-validation. It is also based on different
assumptions. BIC assumes that one of the models is true and that you are trying to find
the model most likely to be true in the Bayesian sense. AIC and cross-validation are trying

to find the model that predict the best.

6 Model Averaging

Bayesian Approach. Suppose we want to predict a new observation Y. Let D =

{Y1,...,Y,} be the observed data. Then

p(y|D) = Zp(le,Mj)P(MjID)

8



where
Dy LO)m(0;)de; eP
B S BTOATATAT N SRz

Frequentist Approach. There is a large and growing literaure on frequenist model

averaging. It is discussed in 10-702.

7 Simple Normal Example

Let
Ea?YnNN(:ual)

We want to compare two models:
My: N(0,1), and M;: N(u,l).
Hypothesis Testing. We test
Hy:p=0 versus pu #0.

The test statistic is -
Y -0 —
J=——=oo=+nY.

Var(Y)
We reject Hy if |Z| > z,/2. For a = 0.05, we reject Hy if |Z] > 2, i.e., if

— 2
Y| > —.

NG

AIC. The likelihood is proportional to

L) = J[ e /2 = emn=-w/2g=0572

=1

where S? = 3".(V; — Y)2. Hence,




Recall that AIC = {g — |S|. The AIC scores are

—2
nY  nS?
AlICy = —=—-— - —
Co=10(0)—-0 5 5
and
52
Aml:e(m—1:—”7—1
since 71 = Y. We choose model 1 if
AIOl > A[CO
that is, if
nS? . nY’ nS?
2 2 2
or
— 2
7 Y2
vn
Similar to but not the same as the hypothesis test.
BIC. The BIC scores are
2
Y S?
BICy = £(0) — ~logn = ——— — "2
2 2
and
. S
BIC, = {(j1) — élogn = _nT — ilogn
We choose model 1 if
BIC, > BIOO
that is, if
logn

Y] > :
n

Hypothesis testing controls type I errors
AIC/CV/C, finds the most predictive model
BIC finds the true model (with high probability)

10



Lecture Notes 17

1 Multiple Testing and Confidence Intervals
Suppose we need to test many null hypotheses
HD,17 s 7HO,N

where N could be very large. We cannot simply test each hypotheses at level o because, if
N is large, we are sure to make lots of type I errors just by chance. We need to do some sort

of multiplicity adjustment.

Familywise Error Control. Suppose we get a p-value p; for each null hypothesis. Let
I = {i: Hy; istrue}. If we reject Hy, for any i € I then we have made an error. Let
R ={j: we reject Hy;} be the set of hypotheses we reject. We say that we have controlled

the familywise error rate at level « if
P(RNI#0)<a.

The easiest way to control the familywise error rate is the Bonferroni method. The idea

is to reject Hy; if and only if p; < a/N. Then

P(making a false rejection) = P (pi < % for some ¢ € [)

So we have overall control of the type I error. However, it can have low power.
The Normal Case. Suppose that we have N sample means Y7, ..., Yy each based on n

Normal observations with variance 1. So Y; ~ N(p;,1/n). To test Hy; : p1; = 0 we can use

1



the test statistic 7; = /nY;. The p-value is
pj = 28(=[T}))-

If we did uncorrected testing we rject when p; < «, which means, |Tj| > z,/2. A useful

approximation is:
zo & \/21og(1/a).
So we reject when

T3] > /210g(2]a).

Under the Bonferroni correction we reject when p; < oo/ N which coresponds to

IT;| > v/21og(2N /).

Hence, the familywise rejection threshold grows like y/log V.

False Discovery Control. The Bonferroni adjustment is very strict. A weaker type of
control is based on the false discovery rate.' Suppose we reject a set of hyptheses R. Define

the false discovery proportion

RN 1|
|R|

where the ratio is defined to be 0 in case both the numerator and denominator are 0. Our

FDP =

goal is to find a method for choosing R such that
FDR = E(FDP) < a.
The Benjamini-Hochberg method works as follows:

1. Find the ordered p-values F;) < --- < Fy).
2. Let j =max{i: Py <ia/N}. Let T = Py.
3. Let R={i: P, <T}.

'Reference: Benjamini and Hochberg (1995).



Let us see why this controls the FDR. Consider, in general, rejecting all hypothesis for
which P, < t. Let W; = 1if Hy; is true and W; = 0 otherwise. Let G be the empirical
distribution of the p-values and let G(t) = E(@(t)) In this case,

ZilI(Pz’<t) %Zﬁ\;l[(Pi<t)

Hence,
By X, Wil (P < 1))

NEQCL (P <)
x iy WiEU (P < 1))

N i EU(R < 1))
1] t t

< ~ =

G(t) — G{t)  G(t)
Let t = P for some ; then @(t) =i/N. Thus, FDR < P; N/i. Setting this equal to o we

E(FDP)

Q

get Py < io/N is the Benjamini-Hochberg rule.
FDR control typically has higher power than familywise control. But they are controlling

different things. You have to decide, based on the context, which is appropriate.

Example 1 Figure 1 shows an example where Y; ~ N(p;,1) for j =1,...,1,000. In this
example, p; = 3 for 1 < j <50 and u; = 0 for j > 50. The figure shows the test statistics,
the p-values, the sorted log p-values with the Bonferroni threshold and the sorted log p-values
with the FDR threshold (using o = 0.05). Bonferroni rejects 7 hypotheses while FDR rejects
22.

Multiple Confidence Intervals. A similar problem occurs with confidence intervals.
If we construct a confidence interval C' for one parameter 6 then P(6 € C') > 1 — . But if
we construct confidence intervals C1,...,Cy for N parameters 64,...,60y then we want to
ensure that

P; e C;, forall j=1,...,N)>1—a.

To do this, we construct each confidence interval C; at level 1 — a/N. Then

P(0; ¢ C; for some j) < ZP(Qj ¢ C;) < Z % —
J j
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Figure 1: Top left: 1,000 test statistics. Top right: the p-values. Bottom left: sorted log

p-values and Bonferroni threshold. Bottom right: sorted log p-values and FDR threshold.



2 Causation

Most of statistics and machine learning is concerned with prediction. A typical question is:
what is a good prediction of Y given that I observe that X = 27 Causation is concerned
with questions of the form: what is a good prediction of Y given that I set X = 27 The
difference between passively observing X = x and actively intervening and setting X = z is
significant and requires different techniques and, typically, much strnger assumptions.

Consider this story. A mother notices that tall kids have a higher reading level than
short kids. (This is because the tall kids are older.) The mother puts her small child on a
device and stretches the child until he is tall. She is dismayed to find out that his reading
level has not changed.

Te mother is correct that height and reading skill are associated. Put another way, you
can use height to predict reading skill. But that does not imply that height causes reading

skill. This is what statisticians mean when they say:
correlation is not causation.

On the other hand, consider smoking and lung cancer. We know that smoking and lung
cancer are associated. But we also believe that smoking causes lung cancer. In this case,
we recognize that intervening and forcing someone to smoke does change his probability of
getting lung cancer.

The difference between prediction (association/correlation) and causation is this: in pre-

diction we are interested in

P(Y € A|X =x)

which means: the probability that Y € A given that we observe that X is equal to z. For

causation we are interested in

P(Y € Alset X = x)

which means: the probability that Y € A given that we set X equal to x. Prediction is

about passive observation. Causation is about active intervention. Most of statistics and



machine learning concerns prediction. But sometimes causation is the primary focus. The

phrase correlation is not causation can be written mathematically as
P(Y € A|X =2) #P(Y € Alset X = x).

Despite the fact that causation and association are different, people mix them up all the
time, even people trained in statistics and machine learning. On TV recently there was a
report that good health is associated with getting seven hours of sleep. So far so good. Then
the reporter goes on to say that, therefore, everyone should strive to sleep exactly seven
hours so they will be healthy. Wrong. That’s confusing causation and association. Another
TV report pointed out a correlation between people who brush their teeth regularly and low
rates of heart disease. An interesting correlation. Then the reporter (a doctor in this case)
went on to urge people to brush their teeth to save their hearts. Wrong!

To avoid this confusion we need a way to discuss causation mathematically. That is, we
need someway to make P(Y € Alset X = z) formal. There are two common ways to do this.
One is to use counterfactuals. The other is to use causal graphs. These approaches are
equivalent. There are two different languages for saying the same thing.

Causal inference is tricky and should be used with great caution. The main messages

are:

1. Causal effects can be estimated consistently from randomized experiments.
2. Tt is difficult to estimate causal effects from observational (non-randomized) experiements.

3. All causal conclusions from observational studes should be regarded as very tentative.

Causal inference is a vast topic. We will only touch on the main ideas here.

Counterfactuals. Consider two variables Y and X. Suppose that X is a binary variable
that represents some treatment. For example, X = 1 means the subject was treated and
X = 0 means the subject was given placebo. The response variable Y is real-valued.

We can address the problem of predicting Y from X by estimating E(Y|X = z). To
address causal questions, we introduce counterfactuals. Let Y, denote the response we observe

if the subject is treated, i.e. if we set X = 1. Let Y denote the response we observe if the



subject is not treated, i.e. if we set X = 0. If we treat a subject, we observe Y; but we
do not observe Yj. Indeed, Y is the value we would have observed if the subject had been

treated. The unobserved variable is called a counterfactual.

We have enlarged our set of variables from (X,Y) to (X,Y,Yp, Y7). Note that
Y = XY + (1 - X)Y,. (1)

A small dataset might look like this:

X Y Y N
1 1 * 1
1 1 * 1
1 0 * 0
11 * 1
0o 1 1 *
0 0 0 *
0o 1 1 *
0o 1 1 *

The asterisks indicate unobserved variables. To answer causal questions, we are interested
in the distribution p(yo,y1). We can interpret p(y;) as p(y|set X = 1) and we can interpret
p(yo) as p(y|set X = 0). In particular, we might want to estimate the mean treatment effect

or mean causal effect
0=E(Y)) —E(Yy) =E(Y|set X =1) —E(Y|set X =0).

The parameter 6 has the following intepretation: 6 is the mean response if we forced everyone
to take the treatment minus mean response if we forced everyone not to take the treatment.

Suppose now that we observe a sample (X1,Y7),...,(X,,Y,). Can we estmate 67 No. In
general, there is no consistnt estimator of §. We can estimate « = E(Y|X = 1)-E(Y|X = 0)

but « is not equal to 6.



However, suppose that we did a randomized experiment where we randomly assigned
each person to treatment of placebo by the flip of a coin. In this case, X will be independent

of (Yp,Y7). In symbols:
random treatment assignment implies : (Yp, Y7) I X.
Hence, in this case,

a = EY|X=1)—E(Y|X =0)
= E(W|X =1) = E(Yo|X =0) since Y = XV} + (1 — X)Y;

= E(Y;) —E(Yy) =60 since (Yp,Y;) I X.

Hence, random assignment makes 0 equal to a and « can be consistently estimated. If X is
randomly assigned then correlation = causation. This is why people spend millions
of dollars doing randomized experiements.

In some cases it is not feasible to do a randomized experiment. Smoking and lung cancer
is an example. Can we estimate causal parameters from observational (non-randomized)
studies? The answer is: sort of.

In an observational stsudy, the treated and untreated groups will not be comparable.
Maybe the healthy people chose to take the treatment and the unhealthy people didn’t. In
other words, X is not independent of (Yp,Y;). The treatment may have no effect but we
would still see a strong association between Y and X. In other words, a might be large even
though 6 = 0.

To account for the differences in the groups, we might measure confounding variables.
These are the variables that affect both X and Y. By definition, there are no such variables in
a randomized experiment. The hope is that if we measure enough confounding variables Z =
(Zy,...,Zy), then, perhaps the treated and untreated groups will be comparable, conditional

on Z. Formally, we hope that X is indpendent of (Yp, Y]) conditional on Z. If this is true,



we can estimate 6 since

0 = E(11)-E(Y)

JEMIZ = )i~ [B|Z = o)
_ /E(mx 1,7 = 2)p(2)ds — /E(YO\X ~ 0,7 = 2)p(2)dz
/

EY|X =1,Z = 2)p(z)dz — /E(Y|X =0,7 = 2)p(z)dz (2)

where we used the fact that X is indpendent of (Yp, Y1) conditional on Z in the third line and
the fact that Y = (1 — X)Y; + XY} in the fourth line. The latter quantity can be estimated
by

~ 1 1 <
=-S5, 2z)- =S "m0, 2z
LSz~ Lm0
where m(x, z) is an estimate of the regression function m(z,z) = E(Y|X = z,Z = z). This

is known as adjusting for confounders and 0 is called the adjusted treatment effect.

It is instructive to compare the casual effect

0 = E(vi)—E(Y)

_ /IE(Y]X 1,7 = 2)p(2)ds — /E(Y\X — 0,7 = 2)p(2)dz
with the predictive quantity

a = E(Y|X =1)—E(Y|X =0)

_ /E(Y|X 17 = )p(2] X = 1)dz — /IE(Y|X — 0,7 = 2)p(2| X = 0)dz

which are mathematically (and conceptually) quite different.

We need to treat 6 cautiously. It is very unlikely that we have successfully measured all
the relevant confounding variables so 0 should be regarded as a crude approximation to 6 at
best.

Causal Graphs. Another way to capture the difference between P(Y € A|X = z) and
P(Y € Alset X = x) is to represent the distribution using a directed graph and then we

capture the second statement by performing certain operations on the graph.

9



A Directed Acyclic Graph (DAG) is a graph for a set of variables with no cycles. The

graph defines a set of distributions of the form

P, - ue) = [ [ p(y;|parents(y;)

where parents(y;) are the parents of y,. A causal graph is a DAG with extra information.
A DAG is a causal graph if it correctly encodes the effect of setting a variable to a fixed
value.

Consider the graph G in Figure (2). Here, X denotes treatment, Y is response and Z is
a confounding variable. To find the causal distribution p(y|set X = ) we do the following

steps:

1. Form a new graph G, by removing all arrow into X. Now set X equal to x. This
corresponds to replacing the joint distribution p(z,y, z) = p(z)p(x|2)p(y|x, z) with the
new distribution p.(y,2) = p(2)p(y|z,z). The factor p(x|z) is removed because we
know regard x as a fixed number.

2. Compute the distribution of y from the new distribution:

plylset X = z) = p.(y) = /p*(y, z)dz = /p(Z)p(y|$72)dZ-

Now we have that

6 = plylset X = 1) — plylset X = 0) = / p(2)p(y]L, 2)d — / p(2)p(y]0, 2)dz

This is precisely the same equation as (2). Both approaches lead to the same thing. If there
were unobserved confounding variables, then the formula for # would involve these variables
and the causal effect would be non-estimable (as before).

In a randomized experiment, there would be no arrow from Z to X. (That’s the point of
randomization). In that case the above calculations shows that 6 = E(Y|X =1)-E(Y|X =
0) just as we saw with the counterfactual approach.

To understand the difference between p(y|z) and p(y|set z) more clearly, it is help-
ful to consider two different computer programs. Consider the DAG in Figure 2. The

10



7 N

Y m— X — Y

Figure 2: Conditioning versus intervening.

probability function for a distribution consistent with this DAG has the form p(z,y,z) =
p(z)p(y|z)p(z|x,y). The following is pseudocode for generating from this distribution.

For: = 1,...,n:
T <~ px(x)
Yi <— pY|X(yi‘xi)
zZi <= pZ|X,Y(Zi|~’Bi> Yi)
Suppose we run this code, yielding data (z1,y1,21), - - -, (Tn, Yn, 2n). Among all the times

that we observe Y = gy, how often is Z = z? The answer to this question is given by the

conditional distribution of Z|Y". Specifically,

PY =y Z=2 ply,=)

P(Z=zY =y) =

PY =y)  py)
_ 2.p@y2) >, p) plylr) pzle, y)
p(y) p(y)

= Zp ol ) PLEE Zp 2|z )" ’y)>
= Zp 2|z, y)p fﬂ\y)

Now suppose we intervene by changing the computer code. Specifically, suppose we fix Y

at the value y. The code now looks like this:

11



set Y =y
fori = 1,....n
x; <= px(w;)
zi <= pzxy (2T, y)

Having set Y = y, how often was Z = 2?7 To answer, note that the intervention has

changed the joint probability to be

p*(z, 2) = p(x)p(z|z, y).

The answer to our question is given by the marginal distribution

= p(z.2) Zp (2], y).
This is p(z|set Y = y).

Example 2 You may have noticed a correlation between rain and having a wet lawn, that is,
the variable “Rain” is not independent of the variable “Wet Lawn” and hence pgw (r,w) #
pr(r)pw (w) where R denotes Rain and W denotes Wet Lawn. Consider the following two
DAGS:

Rain — Wet Lawn Rain «+— Wet Lawn.

The first DAG implies that p(w,r) = p(r)p(w|r) while the second implies that p(w,r) =
p(w)p(r|lw) No matter what the joint distribution p(w,r) is, both graphs are correct. Both
imply that R and W are not independent. But, intuitively, if we want a graph to indicate
causation, the first graph is right and the second is wrong. Throwing water on your lawn
doesn’t cause rain. The reason we feel the first is correct while the second is wrong is because
the interventions implied by the first graph are correct.

Look at the first graph and form the intervention W = 1 where 1 denotes “wet lawn.”

Following the rules of intervention, we break the arrows into W to get the modified graph:

Rain ’set Wet Lawn =1 ‘

12



with distribution p*(r) = p(r). Thus P(R =1 | W :=w) = P(R = r) tells us that “wet lawn”
does not cause rain.

Suppose we (wrongly) assume that the second graph is the correct causal graph and form
the intervention W =1 on the second graph. There are no arrows into W that need to be
broken so the intervention graph is the same as the original graph. Thus p*(r) = p(r|w)
which would imply that changing “wet” changes “rain.” Clearly, this s nonsense.

Both are correct probability graphs but only the first is correct causally. We know the

correct causal graph by using background knowledge.

Learning Casual Structure? We could try to learn the correct causal graph from
data but this is dangerous. In fact it is impossible with two variables. With more than two
variables there are methods that can find the causal graph under certain assumptions but
they are large sample methods and, furthermore, there is no way to ever know if the sample
size you have is large enough to make the methods reliable.

Randomization Again. We can use DAGs to represent confounding variables. If X
is a treatment and Y is an outcome, a confounding variable Z is a variable with arrows into
both X and Y’; see Figure 3. It is easy to check, using the formalism of interventions, that
the following facts are true:

In a randomized study, the arrow between Z and X is broken. In this case, even with
Z unobserved (represented by enclosing Z in a circle), the causal relationship between X
and Y is estimable because it can be shown that E(Y|X := z) = E(Y|X = x) which does
not involve the unobserved Z. In an observational study, with all confounders observed,
we get E(Y|X :=2) = [E(Y|X = 2,Z = 2)p(z) which is just the adjusted treatment
effect. If Z is unobserved then we cannot estimate the causal effect because E(Y|X := x) =
JE(Y|X = 2,Z = z)dFz(z) involves the unobserved Z. We can’t just use X and Y since
in this case. P(Y = y|X = z) # P(Y = y|X := ) which is just another way of saying that

causation is not association.

13



X=—>Y X=—>Y X=—>Y

Figure 3: Randomized study; Observational study with measured confounders; Observational

study with unmeasured confounders. The circled variables are unobserved.
3 Individual Sequence Prediction

The goal is to predict y; from v, ..., y,—1 with no assumptions on the sequence. 2 The data
are not assumed to be iid; they are not even assumed to be random. This is a version of
online learning. For simplicity assume that y; € {0,1}.

Suppose we have a set of prediction algorithms (or experts):
.F: {Fl,...,FN}
Let F}; is the prediction of algorithm j at time ¢ based on ¢! = (y1,...,y—1). At time ¢:

1. You see y* ! and (Fig, ..., Fny).
2. You predict P;.
3. y; is revealed.

4. You suffer loss ¢(P;, y;).

We will focus on the loss £(p;, y:) = |pr — | but the theory works well for any convex

loss. The cumulative loss is
Li(y") = —Z [ Fje — yel = —5;(y")
n < n
where S;(y") = >0 |Fjt — yi|. The mazimum regret is

R, = max <LP(y”) —minl; (y")>

yte{0,1}¢

2Reference: Prediction, Learning, and Games. Nicold Cesa-Bianchi and Gabor Lugosi, 2006.
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and the minimaz regret is

V, =inf max (Lp(y”) — min Lj(y”)) :

P yte{0,1}t j
Let Pi(y'™!) = Zjvzl wj—1 Fj; where

., P {=7S5e1}
i1 =
Zy

and Z; = Zjvzl exp{—7S;+-1}. The w,’s are called exponential weights.

Theorem 3 Let v = /8log N/n. Then

log N

Lp(y") — min L;(y") < o

1<j<N

Proof. The idea is to place upper and lower bounds on log <Z21> then solve for Lp(y").
Upper bound: We have

N
Zn 1
log( ZJlr > = log <Z exp{—anjm}) —log N

j=1

> log (max exp {—anj,n}> —log N
j

= —ynminL;, — log N. (3)
J
Lower bound: Note that
N = Fjt—yt
Zi Zj:l Wj,t—1
= logE (6*7|Fj,t*yt|) )

This is a formal expectation with respect to the distribution over j probability proportional
to e~ Vhe—el),
Recall Hoeftfding’s bound for mgf: if a < X <0

s%(b — a)2.

log E(e**) < sE(X) + 5

15



So:

,.)/2

logE (e MFaemul) - < —qE|F), —y| + g
2
= —YEF; —wl+ %

,.)/2

= IAGT) —ul+ 5

Summing over t:

Combining (3) and (4) we get

Zn
—ynminL;(y") —log N < log ( Z“) < —ynlp(y") + —

Rearranging the terms we have:

, n o log N n
Lp(y") < min Li(y") + —o— + =
J v 8
Set v = y/8log N/n to get
log N

The result held for a specific time n. We can make the result uniform over time as follows.

If we set 4 = y/8log N/t then we have:

. , . 1+ 12nlog N
Lp(y") < min Ly (y )+\/Tg

for all n and for all y;,vy2,...,yn-
Now suppose that F is an infinite class. A set G = {G1,...,Gn} is an r-covering if, for

every I’ and every y" there is a G such that

YR = Gy <
t=1
Let N(r) denote the size of the smallest r-covering.

16



Theorem 4 (Cesa-Bianchi and Lugosi) We have that

V,(F) < inf (f + M)

>0\ n 2n
Cesa-Bianchi and Lugosi also construct a predictor that nearly achieves the bound of the

form
o

k=1

where Pt(k) is a predictor based on a finite subset of F.

Using batchification it is possible to use online learning for non-online learning. Suppose
we are given data: (Z1,...,X,) where Z; = (X;,Y;) and an arbitrary algorithm A that
takes data and outputs classifier H. We used uniform convergence theory to analyze H but
online methods provide an alternative analysis. 3 We apply A sequentially to get classifiers

Ho,Hl,...,Hn. Let
1 n
My ==~ §1j€<Ht1(Xt>,Yt>

To choose a final classifier:

1. usual batch method: use the last one H,
2. average: H=2%" H, ,

3. selection: choose H; to minimize

%Zl ((H(X,),Y:) + \/ﬁ log (@)

Analyzing H, requires assumptions on A, uniform convergence etc. This is not needed for

the other two methods.

Theorem 5 If ¢ is convex:

For any ¢,

3Reference: Cesa-Bianchi, Conconi and Gentile (2004).
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From Casella and Berger:

10.

. Chapter 1, problem 1.47.

. Chapter 1, problem 1.49.

Chapter 2, problem 2.1.

Chapter 2, problem 2.3.

Chapter 2, problem 2.7a.
Chapter 2, problem 2.15.
Chapter 2, problem 2.30.

Chapter 3, problem 3.32.

Chapter 4, problem 4.4.

Chapter 4, problem 4.5.

Homework 1
36-705
Due: Thursday Sept 8 by 3:00



Homework 2
36-705
Due: Thursday Sept 15 by 3:00

1. Let X,, be a sequence of random variables such that X, > 0 for all n. Suppose that
P(X, >t) < (3)F where k > 1. Derive an upper bound on E(X,,).

2. Let X17 ce ,Xn ~ UIllf(O, 1) Let Y = maxi<i<n Xz
(i) Bound E(Y') using the method we derived in lecture notes 2.

(ii) Find an exact expression for E(Y). Compare the result to part (i).

3. An improvement on Hoeffding’s inequality is Bernstein’s inequality. Let Xy,..., X, be
iid, with mean p, Var(X;) = 02 and |X;| < c¢. Then Bernstein’s inequality says that

B (Xl > ) < 2expd —— "0
n S 2€X — .
Kl =€ Pl 202+ 2ce/3

(When o is sufficiently small, this bound is tighter than Hoeffding’s inequality.) Let
Xy, ..., X, ~ Uniform(0,1) and A, = [0,1/n]. Let p, = P(X; € A,) and let

1 n
Po= =3 Lu(Xy).
p P A, (X5)

(i) Use Hoeffding’s inequality and Bernstein’s inequality to bound
P(|p, — pnl > €).

(ii) Show that the bound from Bernstein’s inequality is tighter.
(iii) Show that Hoeffding’s inequality implies p,, — p,, = O (\/%> but that Bernstein’s
inequality implies p,, — p, = Op(1/n).

4. Show that X,, = op(a,) and Y,, = Op(b,) implies that X,,Y,, = op(a,by).



Homework 3
36-705
Due: Thursday Sept 22 by 3:00

. Let A be a class of sets. Let B={A°: A€ A}. Show that s,(B) = s,(A).

. Let Let A and B be classes of sets. Let

cz{AﬂB; AEA,BEB}.

Show that
3n(C) < 5,(A)s,(B).

. Show that s,,4,,(A) < s, (A)sp,(A).

. Let
A= {A:[a,b]u[c,d]: a,b,c,d € R, agbgcgd}.

Find VC dimension of A.



. 9.33

. 0.34

. 9.35

. 9.36
. 9.39

Homework 4
36-705
Due: Thursday September 29 by 3:00



Homework 5
36-705
Due: Thursday October 6 by 3:00

. 6.2
. 64
. 6.9 (b) and (e).

. Write (x1,...,2,) ~ (Y1, - ., Yn) to mean that the likelihood function based on (z1, ..., z,)
is proportional to the likelihood function based on (yi,...,y,). The equivalence rela-
tion ~ induces a partition IT of the sample space: (z1,...,x,) and (y1,...,y,) are in
the same element of the partition if and only if (z1,...,2,) ~ (y1,...,¥ys). Show that

IT is a minimal sufficient partition.

.71
. 7.5 (a).
. 7.8.
. 7.9.

. In class, we found the minimax estimator for the Bernoulli. Here, you will fill in the
details. Let X1,..., X, ~ Bernoulli(p). Let L(p,p) = (p — p)*.

(a) Let p be the Bayes estimator using a Beta(«, 3) prior. Find the Bayes estimator.
(b

)

) Compute the risk function.
(c) Compute the Bayes risk.

)

(d) Find « and 8 to make the risk constant and hence find the minimax estimator.



. 10.1
. 10.2
. 104
. 10.18

. 10.19

Homework 6
36-705
Due: Thursday October 20 by 3:00



Homework 7
36-705
Due: Thursday October 27 by 3:00

. 8.13 (ab)
. 8.14

. 8.15

. 8.17

. 8.20

. 10.31 (a,b,c.e)

. Show that, when Hj is true, then the p-value has a Uniform (0,1) distribution.



Homework 8
36-705
Due: Thursday November 10 2010 by 3:00

. 9.1

. 9.4(a)
. 9.33(a)

. Let Xy,..., X,, ~ Uniform(0,0). Find the 1 — « likelihood ratio confidence interval for
6. Note: the limiting x? theory does not apply to this example. You need to find the
cutoff value directly.

. Let Xy,...,X,, ~ pand assume that 0 < X; < 1. The histogram density estimator is
defined as follows. Divide [0, 1] into m bins By = [0,1/m], By = (1/m,2/m],...,. Let
h=1/mandlet §; =n"'>"  I(X; € B;). Let

when z € B;. Find the asymptotic MSE. Find the best h. Find the rate of convergence
of the estimator.



Homework 9
10/36-705
Due: Thursday Nov 17 by 3:00

1. Let Xy,...,X,, ~ pand let p;, denote the kernel density estimator with bandwidth h.
Let R(h) = E[L(h)] denote the risk, where

L(h) = / (Pu(x) — pla))d.

(a) Define R(h) = E[L(h)] where
Eh) = [ Gula)dn ~2 [ Bu(w)pla)de.

Show that minimizing R(h) over h is equivalent to minimizing R(h).

(b) Let Y1,...,Y, be a second sample from p. Define

~

- 2\~
R = [ Gil) o= 2 35l
i=1
where Py, is still based on X, ..., X,. Show that ER(h) = R(h). (Hence, R(h) can be

used as an estimate of the risk.)

2. Again, let p;, denote the kernel density estimator. Use Hoeffding’s inequality to find a
bound on P(|pn(x) — pu(x)| > €) where py(z) = E(pn(2))-

3. Let Xi,...,X, ~ Bernoulli(). Let 6, = n= ' 3" X,;. Let X;,..., X denote a
bootstrap sample. Let 0* =n~tY "  X7. Find the following four quantities:

E(0*|X1,..., X)), E(6%), V(@ |Xi,...,X,), V(@).

4. The bootstrap estimate of Var(@n) is V(§*|X1, ..., X,). (In other words, when B — oo,

the bootstrap estimate of variance converges to V(§*|X1, ..., X,).) Show that the
bootstrap is consistent, in the sense that

V(6*|X1,. .., X,) I
Var(6,,)




Homework 10
36/10-705
Due: Thursday December 1 2010 by 3:00

1. 7.23
2..9.27

3. Suppose that V = Z?ZI(ZJ +6,)? where Zy,. .., Z) are independent, standard Normal
random variables. We say that V has a non-central x? distribution with non-centrality
parameter A = Y. 6% and k degrees of freedom. We write V ~ x3(A).

a) Show that if V ~ x2(\) then E(V) =k + X and Var(V) = 2(k + 2)).

b) Let Y; ~ N(u; 1) for @ = 1,...,n. Find the posterior distribution of u =
[, - -, M) using a flat prior.

(
(
(
(c) Find the posterior distribution of 7= 3", .
(d) Find the mean 7 of the posterior.

(e) Find the bias and variance of 7.

(

f) Show that 7 is not a consistent estimator of 7. (Technically, the parameter 7 is
changing with n. You may assume that 7 is bounded as n increases.) Hint: you may
use the fact that if V ~ x2()), then (V —E(V))/+/Var(V) = N(0,1).

(g) Find ¢, so that P(r € C,|X1,...,X,) =1 — a where C,, = [¢,, 00).
(h) Construct an unbiased estimator of 7. Compare this to the Bayes estimator.

(i) Find a (frequentist) confidence interval A,, = [a,, 00) such that P, (7 € 4,,) =1—«
for all u. Compare this to the Bayes posterior interval C,,.



2011 Fall 10-705 Homework 1 Solutions

1.47 All of the functions are continuous, hence right-continuous. Thus we only need to check the
limit, and that they are nondecreasing
a. limg . % + %tan_l(.r) =5++ ( = ) =0, limy_. % + % tan~!(x) = % + % (%) =1, and
4 (3+itan~Y(z)) = 1_,’_—1‘,1:5 > 0, so F'(z) is increasing.
b. See Example 1.5.5.

_e T —z —r _—e T

. . _ _ —x
c. lm, ._e€ =0,lim, .e ® =1, %e £ =e"e > 0.

d limy ., oo(l—e®) =0, limy_o(l—e®) =1, L(1—e") =" >0,

1—ele ¥
e. limy . o 1+e & =0,limy_ce+ 13 Tev = L (1+e v) = §1+:)—ev)a > 0and i (e+ 3 o) >

0, Fy (y) is continuous except on y = 0 where hmylo(e + Hl_%) = F(0). Thus is Fy (y) right
continuous.

1.49 For every t, Fx (t) < Fy(t). Thus we have
PX>t)=1-PX<t)=1-Fx(t) 21 -F(t) =1-P(Y <t)=PY > 1).
And for some t*, Fx(t*) < Fy(t*). Then we have that
PX>t)=1-PX<t')=1-Fx(t")>1-F({")=1-PY <t") =P >1t").

2.1 a. fo(z) =422°(1 —2), 0 < = < 1; y = 2* = g(x), monotone, and J = (0,1). Use Theorem
2.1.5.

1 95
3Y )

d -
P = RG] 0] = R = -y
= Uy(1—y%) = 1y—144*3, 0<y<1.

To check the integral,
;/3 1

773 |,

1
- ?yz—Gy‘/S‘o —1-0=1.

/ (14y — 14y*/3)dy = 7y?—14%
b. fz(z) =7e"™, 0 < x < 00, y = 4z + 3, monotone, and ) = (3, oc). Use Theorem 2.1.5.

fr(y) = f. (2= 3)‘ y— 3)) — 70— (7/0)(y-3)

1 T -
1‘ = 18_({/4)(?"'_3), 3< Yy < 0C.

To check the integral,

/'x T e~/ gy, — _e—(7/4)(y—3))°° —0—(-1)=1.
3 1 3



c. Fy(y)=P0<X < /y) = Fx(/y)- Then fy(y) = ﬁfx(\/@) Therefore

. 1 . . 1 i
fr(y) = m%(\/ﬁ)%l —Vy)? =15y7(1—y)?, 0<y<Ll.

To check the integral,

1 1
_ 2, 1, 2.
/ 15y% (1 — \/gfdyzf (15y% — 30y + 15y7)dy = 15(3) = 30(3) +15(;) = L.
0 0 2

23 P(Y =y) =P(Z3=v) =P(X = 5) =13)¥V"Y, where y = 0,3, %,%,..., 257, -

2.7 a.

Differentiation gives

i y<1
0y
1
1+—| y>1
WJ

2.15 Assume without loss of generality that X < Y. Then X VY =Y and X A Y = X. Thus
X+Y=(XAY)+ (X VvY). Taking expectations

1

9

f(y)= [

EX +Y]=E[(XAY)+(XVY)]=EX AY)+EX VvY).

Therefore E(X vY) =EX +EY —E(X AY).



X - c_ 1 14_1
2.30 a. E(e") = [y e ldr = Le'*| = Le'* — L1=L(e —1).

b. E(etX) = f(f %etxd:c = e22t2 (cte'® — e +1). (integration-by-parts)
c.
E(etm) _ “ Le[a‘—a};'_.'ietxdx + = ie—[-r—a)f{jetmdr_
o . 2;’3 . . a 2;’3 . .
a] oo
_ P 1 ey _el? L0
243 (E—i—t) - 23 (3 —t)
4€G't ’

T
d. E (etX) =Y em(Hi_l)pr(l —-p)F=p"> . (r+§_1) ((1 —p}er) . Now use the fact
T r
that 320, ("*71) ((1 — p)et) (1 —(1- p)et) =1 for (1 — p)e’ < 1, since this is just the

r
sum of this pmf, to get E(e¥) = ( ) , t < —log(l—p).

_p
1—(1—p)e’

3.32a.

Note that ¢ (77) = I h(x)exp(zi: nt. (X)J dx. We have

=c*(77)% h(x)exp(zniti (x)]dx (3.31(a))

=c (n) f h(x)aiexp( nt, (x)) dx (interchange integration and differentiation)
(



& l0g <" (1) = i o9 ()
on,’ on,’
=c'(n) azzc*'l(n)— % loge™(n) 2 (3.31 (b))
on, on;

(
A
)

—j )c” () dx— B (t; (x)
=B(t’ ( )) Ez(t( ))=Var(t;(x))

3.32b.

L OD(X/f) 1

; = = exp| =2 x+ (e —1)Inx
() et

The natural parameters and sufficient statistics are 7 =[-1/ 8, —1],t(x) =[x,log x]. Further,
—logc™(7)=alog B+logT (a)=alog(-1/n,)+logT ()
Therefore

E(x)= —%Iog c'(n)= aailog(—llnl) -4 af

m i 1

4.4 a. f; fDZ Clr+ 2y)drdy =4C =1, thus C = 2

L
b. fy(r) = { I ﬁ{;?r—l— 2y)dy = %(:?.‘—l— 1) D<x<?2
0 otherwise
c. Fyv(z,y)=P(X <2Y <y) = fa‘ f flv,u)dvdu. The way this integral is calculated
depends on the values of = and y. For ex: unple for0 <z < 2and 0 <y < 1,

E\'y{.‘?.‘,‘ﬁ_})—f / flu,v)dv du—f f —(u+2v)dv ffaf—%+u

But for 0 < 2 < 2 and 1 < v,

Y oy 2 r
4 T. = X '..' '..' ' = — T 2‘ NI = —
Fxy(z,y) ];x »/;'x- flu, v)dvdu fD /0 4(11 + 2v)dvdu 3 + 1



The complete definition of Fxy is

0 r=0ory<0

2?y/S+yfz/4 0<z<2and0<y <1
Fxv(z,y)={ y/2+4%/2 2<zand 0 <y <1

2?/8+ /4 D<r<2andl =<y

1 2<zand 1<y

d. The function » = g(x) = 9/(x + 1)? is monotone on 0 < = < 2, so use Theorem 2.1.5 to
obtain fz(2) =9/(82%), 1 <2 <0.

VY

45 a. P(X > VY) = [} [\-(x +y)dedy = L.
b. P(X2 <Y <X)= [} ff 2rdrdy = L.



36-705 Intermediate Statistics HW?2

Problem 1
As X > 0 with Prob 1, we have

BlX] = /000(1  F(t))dt = /OOO P(X > t)dt — /OQP(X > t)dt+/oo P(X > t)dt

With P(X >t) <1and P(X >t) < (1/t)¥, we have the upper bound of E[X],

E[X]:/OGP(X>t)dt+/aooP(X>t)dt§/OaldtJr/aoo(l/t)"’dt:aan.

Set the derivative of it to be 0, we get 1+ 1/a* = 0, so we get a = 1. The upper bound of

EX]is 14+ 5 = 5.

Problem 2

The cumulative density function of YV is

PY <y)=PX;<yl1<i<n)=][PXi<y) =y", 0<y<l.
i=1

So, the expected value of YV is

1 on
n+1 n+1

ElY] = /Olp(y > t)dt = /01(1 —dt =1

Problem 3
(i) Note that p, = P(X; € A,) = 1/n. Let Y; = I4,(X;), then

E[Y}] = E[l4,(X;)] = P(X; € Ay) = 1/n,

Ll 1 & X
Yn:E;Y;:E;]An(Xi):pm

therefore:
1. Hoeffding’s inequality: Y; = 0 or 1, thus the bound is 0 < Y; < 1, and finally

2ne? —one?
G—opt =2

3

P([pn —pn|l > €) = P(]Yn — EY]| > €) <2exp{—



2. Bernstein’s inequality: still 0 <Y; < 1, hence |Y;| < 1, and the variance is

n—1
n2 ’

Var(Y;) =1/n(1 —1/n) =

as Y; ~ Bernoulli(1/n).
So, we have

neQ

(n—1)/n%+ 26/3}'

P(lpn = pal > €) = P(IY, = E[Y]] 2 €) < 2exp{—

(ii) When € is small and n is large, 2(n — 1)/n* + 2¢/3 will be very small, in the order
of 1/n, so 2(n —1)/n* + 2¢/3 < 1/2, and so we have

TL€2

< 2 —2TL62‘
(n—1)/n+ 26/3} ==

2 exp{— 5

Therefore, Bernstein’s inequality is tighter than Hoeffding’s inequality.
(iii) Use Hoeffding’s inequality,

|pn _pn| N —on(C 2 _902
P2 > O) = P(|pn —pa| > C < 27OV = 9207,
<1/ﬁ—) (IBn — pul = C/v/n) < 2e e

So, for any 0, when C' is large enough, there is P(% > (') < 4, therefore, Hoeffiding’s
inequality implies p,, — p, = O,(1/y/n).
Use Bernstein’s inequality, we have

nC?/n?
(n—1)/n?+2C/3n

|ﬁn - pn|

il 1/n

> C) = P(|pn — pl ZC/R)SQeXp{—2 ).

Simplify the exponential part, we have

B nC?/n? L C?*/n . C? . 3C
2(n—1)/n2+2C0/3n  2(n—1)/n2+2C/3n  2(n—1)/n+2C/3"~ 2

for large n and large C. So, in all, we have

|ﬁn - pnl 3¢

> < 2e 2.
P( Tn >(C) <2

For any ¢, there is C' large enough, such that the probability is smaller than §. So, Bern-
stein’s inequality implies p,, — p, = O,(1/n).



Problem 4

Y, = Op(b,) means V6 > 0, 3C > 0, s.t. P(|§—:| > () < ¢ for all large enough n.

X, = op(a,) means V5 > 0, Ve > 0, P(|%:| > ¢/C) < ¢ for all large enough n.
Therefore, for all § > 0, £ > 0 and large enough n,

X.,Y,
a,b,

< p(|§| > ¢/C) + P(|?| > C) < 26

P(]

X Y,
| > &) <P(Z2 > ¢/Cor |32 > O)

1. The first < is because:

X.,Y,
n by

|&|<5/Cand|%|<C:>| | <e,
a‘n n

taking the reverse negative statement,

|XnYn
anbn

X Y,
|>€:>|a—"|>s/Cor|b—"|>C;

n

2. The second < is because P(A or B) < P(A) + P(B).

That is, P(|%| >¢) —» 0 for all £ > 0. Therefore, X,,Y,, = op(a,by).
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Problem 1

Notice that (ANF)N(A°NF) = (ANA°)NF = (. On the other hand, (ANF)U(A°NF) =
(AUA)NF = QN F = F. This shows A and A° pick different parts of F', that is,
(A°NF) = F\(ANF). For any finite set F w/ n elements, say the total number of distinct
AN F is mq, then for every distinct A N F, there is a corresponding A¢ € B such that
A°N F picks the other part of F'. Then the total number of distinct AN F' is also mi. So
we have S(A, F) = S(B, F), taking “sup” on both sides, we have,

sn(A) = s, (B)

Problem 2

C={ANB: A€ A, B € B}. Notice that for C € C, CNF = (ANB)NF = (ANF)N(BNF),
therefore, ANF C CNF C F,and BNF C CNF C F. For any finite set F' w/ n elements,
say the total number of distinct A N F' is m and the total number of distinct BN F is
mg. Then, the total number of distinct C N F w/ C = AN B, i.e. the total number of
distinct intersections (AN F)N(BNF) is at most m;ms (the maximum number of distinct
pairs). That is S(C, F') < S(A, F)S(B, F), taking “sup” on both sides,

Sn(c) < sup [S(Aa F)S(B> F)]
FeFn

< sup S(AF)- sup S(B,F) = s,(A)s,(B).
FeF, FeF,

Problem 3

Let Fy1m = F,, U F,, where F,, with n elements and F;,, with m elements are disjoint and
Fo+m have m+n elements. For A€ A, ANF, 1y, = AN(F,UF,) =(ANEF,)U(ANE,).
Therefore, ANF,, C ANFyp1m C Frym, and ANE,, C ANF,1m C Fyypm. For any finite set
F,, w/ n elements and F},, w/ m elements, say the total number of distinct ANF,, is ny and



the total number of distinct AN F,, is my. Then, the total number of distinct AN Fj, 1,
w/ Fyym = F, U F,,, which are subsets of distinct unions (AN F,) U (AN F,) is at most
nymy (the maximum number of distinct pairs). That is S(A, F4m) < S(A, F,)S(A, Fin),
taking “sup” on both sides,
Sn-i-m(A) < sup [S(A7 Fn)S(Av Fm)]
Fp€Fn,Fm€Fm

< sup S(.A, Fn) © sup S(.A, Fm) = Sn('A)Sm(A)
FneFn Frn€Fm

Problem 4

A is the set of single intervals or joint of two separate intervals on the real line.

1. Let Fy ={-1,0,1,2} with 4 elements. Then

1).[-2,-1.5]NF =0,
2).[-1.5,—0.5]| N F = {-1},
3).[-1.5,—0.5] N F = {—1,0},
4).[-1.5,1.5]N F = {-1,0,1},
5).[-1.5,2.5]|N F = {-1,0,1,2},
6).[—0.5,0.5] N F = {0},
7).[-0.5,1.5]N F = {0, 1},
8).[-0.5,2.5]N F = {0, 1,2},
9).[0.5,1.5]N F = {1},

10).[0.5,2.5] N F = {1, 2},

11).[1.5,2.5] N F = {2},

12).[-1.5,—0.5] U [0.5,1.5] N F = {—1,1},

13).[-1.5,0.5] U[1.5,2.5| N F = {—1,2},

14).[-0.5,0.5] U [1.5,2.5] N F = {0, 2},

15).[-1.5,0.5] U[1.5,2.5] N F = {—1,0, 2},

16).[-1.5,—0.5| U [0.5,2.5] N F = {—1,1,2}
(

So s(A, Fy) = 2* = 16 and s4(A) = 16. The VC dimension of A, d(A) = max{n : s,(A) =
2"} > 4.

2. For set F,, st. n > 5, eg F5 = {—1,0,1,2,3}, it is impossible AN F5 = {-1,0, 2},
since any interval covering {—1, 1} will also cover {0}, similarly, the interval covering {0, 2}
will also cover {1}. This is suffice to show that the VC dimension of A is less than 5. So
we have 4 < d(A) < 5, that is d(A) = 4.



Test 1 Solutions

Problem 1
X1 and X3 are iid Unif(0,2), then,

fx1.x, (21, 22) = fx, (1) fx, (22) = (21 € (0,2))1(22 € (0,2))
[t 0<z<2,0<a <2
1 0, ow

Fy(y) = P(Y <) = P(X1 — X2 < y) = P(X1 < X5+ y) = /A P, (1, @) dardas

where, A = {(x1,22) € R?: 21 < x5 +y}. Since the integral is over a function which takes
value i over a square and 0 everywhere else, the value of the integral is equal to i of the area
of the region determined by the intersection of A with the square 0 < z1 < 2,0 < x < 2.
The four different cases are shown in the last page.

The cdf is,
02 y< =2
Fy(y) = % —2<y<0
Y 1_(2*831)2 0§y§2
1 y>2

Differentiate it wrt y to get the pdf,

Y 0<y<2

dFy 1
fr(y) = T _2<y<0
0 ow

dy

Problem 2

Let X; ~% Bernoulli(p) for i = 1,2,...,n. Then X = > X; has Binomial(n,p)
distribution and the MGF of X, Mx = [[, Mx, = (Mx,)". We know the MGF of
Bernoulli distribution is

My, = E[e®1] = elp+ (1 — p)



Then we have
My = (Mx,)" = (e'p+ (1 —p))"
Problem 3
We know that,
EGUOY) = [ glalplaly)ds
Then,
E(EGUOY) = [ E@COIY)p0)dy
~ [1 s@wiaty)dslpt)ay
= / / 9(z)p(z|y)p(y)dydx

- /g(x)[/p(x,y)dy]dﬂf

— / g(2)p(z)dz
— B(g(X))

Problem 4

We know that X ~ Unif(—2,1) and Y = e/X|, then

eX 0<ax<1
Y: -X N -
{e —2<x<0

and 1 < y < e2. The attached figure shows how the function looks like.

The cdf is
0 y <1
P(~log(y) < z < log(y)) = [“5Y, §dz=Flogy 1<y<e
Fy(y) = P(Y <y) = P(¥l <) = P(—1 S R A < >
(—log(y) <z <1)=[7),, gdv="2~ e<y<e
1 y > e?
Differentiate the cdf with respect to y, we get the pdf,
o 1<y<e
py(y) =1 g5 e<y<é
0 ow



Intermediate Statistics HW4

5.33
Since lim,_ F, (x)=Fy (x),lim,__, F, (x)=0,forany &, we can find anmand an N, such that

P(X,>-m)>1-¢/2 forn>N,. Then, since lim _,, P(Y,>c+m)=1,we canfindan N, such that

F’(Yn >C+m)>1—€/2 forn>N, .

Note that P(AB)+1>P(A)+P(B), then
P(X,+Y,>¢c)>P(X,>-mY,>c+m)>P(X, >-m)+P(Y,>c+m)-1
=1-¢/2+1-¢/2-1=1-¢

for n>max(N;,N,). Thus lim _ P(X, +Y,>c)=1.

5.34 Using EX,, = p and VarX,, = 02/n, we obtaln
n(Xn,—p n_ - n .
EM = %E(Xn —p) = %(ﬂ- —p)=0.

T—u ~ .
V:J,rM = ?—%Var(X?1 —p)= " VarX = —— =1
a o? o2 o2 n

5.35 a. X; ~ exponential(1). ux =1, VarX = 1. From the CLT, X,, is approximately n(1,1/n). So
X,—1 . Xn—1 _
— Z ~n(0,1) and P <z|— PZ<ux).
NG n(0,1) an (1/\/5_1:) (Z <)

d . d S L 22y
EP(ZS:E)ZEFZ(I)ZJ*Z(-TJ: Nor: 2.

d ) n
= E(E X:‘ST\/H-FTI) (WZ _
—

X ~ gammal(n, 1))

i=1 =1

d 1
= d—FW(:r.\/ﬁ+n_) = fwlzyn+n) - yn = m(m\/ﬁ+n_}“_le—(mﬁ+”)\/ﬁ.
T n
Therefore, (1/T(n))(zy/n 4 n)*le=@EVitn) /n ~ ﬁe‘fw as n — oo. Substituting z = 0
yields n! & n"+1/2e=" /27



p=E(Y)=E(E(Y|N))=E(2N)=2E(N)=20
o? =Var(Y)=E(Var(Y |N))+Var(E(Y|N))=E(4N)+Var(2N)=46+46 =80
(b)
M(y_”)/g (t) -E (et(Y—,u)/U ) — e—ly/oE (etY/a)
Ly
:@“"’E(E[@f |ND (total expectation )
~tulo -N “tulo - -n Hne_g
—eVE((1-2t/0) " )=y (1-2t/ o)
n=0 n!
)
:e’“"“e"’eﬁi 1-2t/o e_ﬁ Poisson( 0 j
pary n! -2tlo
_ e_tg_m'l—;/o- _ e_lj%_g+l—2t7x/@ _ eft%m[lfztt\/@fl]

020 ., 1+A+(A]2+(A]3+,._1 20 2 L(A]
_o 0 ea (o) " Neo o Vo0 e 20"\ e

ei+[9[\/§_9]3+~-] t?

—>e2as o

(Taylor expansion)

which is the mgf of N(0,1).

5.39 a. If b is continuous given € > 0 there exits d such that |h(z,)—h(z)| < € for |z, —2| < §. Since
X1,..., X, converges in probability to the random variable X, then lim, .., P(|X, — X| <

6) = 1. Thus lim, ... P(|h(X,) — h(X)| <€) =1.

b. Define the subsequence X;(s) = s+ I[a:b](s) such that in Ij, 5], a is always 0, i.e, the subse-

quence Xy, Xo, X4, X7, .... For this subsequence
s ifs>0
XJ(S)_’{s—i-l it s =0.
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Problem 1 (C&B 6.2)

By the Factorization Theorem, T'(X ) = min;(X; /) is sufficient because the joint pdf is

n

fler,.. znld) = [T € " T, 400) (20) = € I (g, 400) (T(x)) - 725
- 9(T()10) h(x)

Notice, we use the fact that ¢ > 0, and the fact that all z;s > 6 if and only if min,(z; /i) > @

Problem 2 (C&B 6.4)

The joint pdf is

n k k n n
I1 {h(zj)c(e) exp (Z w,-w)ti(rj))} =c(0)"exp | Y wi(0) Y- tilay) | - [T hiay).
Jj=1 i=1 . i=1 . j=1 ) j=1
9(T(x)[6) h(x)

By the Factorization Theorem, (Z?:l t1(X5),- .., Z Lt (X )) is a sufficient statistic for 6.
Problem 3 (C&B 6.9)
(b)

Note, for X ~ location exponential(f), the range depends on the parameter. Now

fxl) T, (™ 21p.00)(2)))

F10) Ty (e @916 .00)(3;)
e @ [T Tigooy(2;) e ™% [(g o) (minz,)
e [T Lgo0)(yi) € E’y’fw,oo)(mmyz)

To make the ratio independent of # we need the ratio of indicator functions independent
of 6. This will be the case if and only if min{zy,...,z,} = min{ys,...,yn}. So T(X) =
min{Xy,...,X,} is a minimal sufficient statistic.



Fix sample points x and y. Define A(f) = {i : z; < 6}, B(0) = {i : y; < 6}, a(f) = the
number of elements in A(#) and b(f) = the number of elements in B(#). Then the function
f(x|0)/f(y|#) depends on 6 only through the function

Z|Ii—9|—2|yi—0|
i=1 i=1
= Y (O-z)+ > (@m—-0- > O-w)— > (m—9

icA(0) icA(6)° icB(0) icB(0)°
= (a(f) — [n—a(0)] — b(6) + [n — b(0)])0

(s v

icA(0) icA(8)° i€B(8) icB(#)°

= 2@ -b@)0+ - > m+ Y m+ > w—- Y w

icA(0) icA(9)¢ icB(9) icB(0)¢

Consider an interval of fs that does not contain any ;s or y;s. The second term is constant
on such an interval. The first term will be constant, on the interval if and only if a(8) = b().
This will be true for all such intervals if and only if the order statistics for x are the same
as the order statistics for y. Therefore, the order statistics are a minimal sufficient statistic.

Problem 4

Refer to Notes 6 p.2 for the definition of minimal sufficient partition.
Let 6 be the parameter of the distribution and f be the joint pdf.

f(z1, ..., ,]0)
f(yh ayn|0)

is independent of 6 if and only if (x1,...,2,) ~ (Y1, -, Yn)-
Therefore, by C&B Theorem 6.2.13, [] is a minimal sufficient partition for 6.

Problem 5 (C&B 7.1)

1. & = 0, the likelihood L(Q) sI1(0=1)+
2), therefore, the MLE 6=1,

10 =2)+0-1(§ = 3) =

PN,

2. x=1,L10)=100=1)+1100=2),0=1,

3.0=2 L) =11(0=2)+11(0=3),0=20r 0 =3
4.0=3,L0O)=t10=1)+11(0=2)+11(0=2),0=3;
5.a=4,L0)=t100=1)+11(0=3),0=3



Finally,

X 1 X =0,1;
=< 2or3 X =2;
3 X =3,4.

Problem 6 (C&B 7.5(a))

The value Z solves the equation
(1—p)" = (1 - 2:2),

i

where 0 < z < (max; z;)~!. Let k = greatest integer less than or equal to 1/Z. Then from

~

Example 7.2.9, & must satisty

k(1 —p)" > H(k —z;) and [(k+1)(1-p)" < H(k +1—m).

Because the right-hand side of the first equation is decreasing in Z, and because k< 1/z (so
2 <1/k)and k+1 > 1/Z, k must satistfy the two inequalities. Thus k is the MLE.

Problem 7 (C&B 7.8)

a. EX? = Var X + pu? = 0. Therefore X? is an unbiased estimator of o2.
b.

1 2 2
L(olx) = 2—6_1 /2% logL(o|x) = log(2w)~ Y2 —logo — z2/(202).
To
. 2
Ologl. _ T oL sx2 =6 6= VXT=|X]|.
o o o3
0%logL B —32202 1

which is negative at 6 = |z|.

do2 ob * o2’
Thus, 6 = |z| is a local maximum. Because it is the only place where the first derivative is

zero, it is also a global maximum.
c. Because EX = 0 is known, just equate EX? =02 = %Zilzl X2=X%?=s6=|X|

Problem 8 (C&B 7.9)



This is a uniform(0,6) model. So EX = (0 + 6)/2 = 6/2. The method of moments estimator
is the solution to the equation #/2 = X, that is, § = 2X. Because 6 is a simple function of the
sample mean, its mean and variance are easy to calculate. We have

02/12 62
n  3n

E§=2EX =2EX = Qg =@, and Varf=4VarX =4

The likelihood function is
- 1 1
L(f]x) = H 7lo0.01(i) = 221j0,6)/(Z(m) M 0,00) (2(1))

where z(1) and z(y) are the smallest and largest order statistics. For 6 > z(,), L = 1/6", a
decreasing function. So for 6 > z(,), L is maximized at 6 = T(n). L = 0 for 6 < z(y). So the
overall maximum, the MLE, is 6§ = X,. The pdf of 6 = X, is na"~1/6", 0 < z < 6. This
can be used to calculate

A n

Ef =

2
9, E6?2=_—"_6% and Varf= nf .
n+1 n+2 (n+2)(n+1)

6 is an unbiased estimator of a; 6 is a biased estimator. If n is large, the bias is not large
because n/(n + 1) is close to one. But if n is small, the bias is quite large. On the other hand,
Var § < Var 6 for all 6. So, if n is large, 6 is probably preferable to 6.

Problem 9

(a) Bayes estimator under square error loss L(p,p) = (p — p)? is the posterior mean.

X; X Bernoull@( ), p ~ Beta(a, ) are conjugate, the posterior is p|X ~ Beta(a +

> Xi,B+n—>",X;). Therefore, Bayes estimator p = ao::%;fl

(b) Risk function for p

R(p,p) = Ep[L(p, p)] = MSE(p)

= (B[p] - p)* + V]

_(eEm np(l —p)
a+pB+n (a+ B +n)?

_ (e =p)=Bp)  np( —p)
(a+pB+4+n)? (a4 fF+n)?

(c) Bayes risk for p

B, p) = / R(p, p)n(p)dp



= e [ et B = 55 o= ey
_ ;[(ajLﬁ)Q af L e o af . a?
(@ + B +n) (a+BPa+p+1) a+pf (a+pP(a+B+1)  (a+p)
1 af no na(a + 1)

" (a+B+n)? [a+ﬁ+1 a+b  (a+B)(a+p+1)
]

)l

]

1 af naf

B (Oz+ﬂ—|—n)2[oa+ﬁ+1+(a+5)(&+ﬁ+1)
af

(a4 B)(a+ B+ 1)(a+ B +n)

(d) The risk

N (a1 —p) — ﬁp)2 np(l —p) _ 1 2 2 2
R(p,p) = CETETIE +<a+ﬁ+n)2 = (a+ﬁ+n)2{p [(a+B)"—n]+p[n—2a(a+p)]+a”}

is a 2" order polynomial of p. To make it constant, set

(a+ B)* —n = 0; a
{n—2a(a+6)=0. :>{ B

JENE

a+> . Xy n/24>, X,

i Tt is the minimax estimator.

Thus p,, =




36705 Intermediate Statistics Homework 6 Solutions

Problem 1 C & B 10.1

10.1 First calculate some moments for this distribution.

2
X=6/3, X?>=1/3, VarX = —%.

W =

So 3X,, is an unbiased estimator of 6 with variance
Var(3X,,) = 9(VarX)/n = (3 —6%)/n — 0 as n — oc.

So by Theorem 10.1.3, 3X,, is a consistent estimator of 6.

Problem 2 C & B 10.2

By theorem 10 in lecture 4,
W, 250, a, 251 = a,W, 16 = 6.
b, 50 = a,W, +b, =310 +0=6.

Problem 3 C & B 10.4



. Write
> Xie
YXP

XY Y Xi(Xi+e)
X Y X?

From normality and independence

=1+

Xie; =0, VarX;e; = o?(p? +7%), X2 =p*+71%, VarX? =27r%(2u® + 72),

and Cov(X;, X;¢;) = 0. Applying the formulas of xample 5.5.27, the asymptotic mean
and variance are

(529

Y X7
and
Vo (ZXY) ) o
> X7 [n(p? + 722 n(p? +72)
b.

with approximate mean 3 and variance o2/(nu?).

with approximate mean 3 and variance o2 /(nu?).

Problem 4, C & B 10.18

Denote the density of n(u,0?) as fi(x), then

Xi~ (1=0)fi(x) +6f(x)

Let Y ~ Bernoulli(d), then P(Y =1) =§ and P(Y =0) =1 — 0 and,

Var(X;) = EVar(X;|Y)) + Var(E(X;]Y))

Note that, Var(X;|Y = 1) = 72 and Var(X;|Y = 0) = o2,

E(Var(X;|Y)) =726 + 02(1 — )



Also E(X;|Y =1) =0, E(X;|Y =0) = p and E(E(X;]Y)) =65 + (1 — &),

Var(B(X,|Y)) = S (B(Xi[Y) — B(E(X,|Y))*P(Y)
Y

— (8- 05— (1— )5 + (11— 80 — (1 — H)w)(L - 5)

= 5(1 - 8)(6 — p)?

By the fact that X;’s are iid,
1

Var(X) = Var(ﬁ Z(XZ)) = %(725 + 021 —68)+6(1—68)(0 — p)?)

7

Since the mean and variance of Cauchy distribution do not exist, any contaminate of
cauchy distribution will make (6 — p)? and 72 infinite. So Var(X;) will be infinite.

Problem 5, C & B 10.19

Xi ~ n(@, 02).
a).

n =
i

Var(X)) = Var(> 3 X;) = leVar(Z X))

— 7112(2 Var(X;) +2 Z Cov(X;, Xj))

1<j

So, as n — 00, Var(X) - 0.
b).

Var(X) = ;Var(z Xi)
- le(Z Var(X;) + QZ Cov(Xi, Xj))

1 n n
:ﬁ(n(ﬂ—i—QZ Z Cov(X;, X;))

i=1 j=i+1



1 n n o
i 423 Y e
" i=1 j=i+1

V2

1 202 1-—
:fO-Q_‘_LL(n_ p

)

n n?l—p 1—p
c).
We know
X1, X;
Corr(X1,X;) = Cou(Xy, Xi)
VVar(X1)Var(X;)

And since §; ~¥@ n(0,1) we can use &; for all §;’s,
Xo=pX1+01
X3 = p(le + 51) + 51

1—2
Xi=p"1X1+ Zﬂj51
5=0
So,
. i72 .
Cov(X1,X;) = Cov(X1,p" 1 X1 + ijél)
5=0
. i_2 .
= ptCou(X1, X1) + Z Cov(X1,p761)
j=1
= o War(X))
_ plg?
Also,
. i_z .
Var(X;) = p"DVar(X)) + szJVar(él)
§=0

1— pZ(i—l)

2 _ 1

Given o

Corr(X1,X;) = p'!



36-705 Intermediate Statistics Test 2 Solution

(1) Let X3,..., X, ~ Bernoulli(d) where 0 < 6 < 1. Let

1 n
w2 X=X

(a) Show that there is a number u such that W,, converges in probability .

Solution: As Xj is either 0 or 1, so X;(1 — X;) = 0 with probability 1. Hence, W,, has
point mass probability 1 at 0. So, E[W,] =0, Var(X,) = 0.

Obviously, if we set © = 0, we have P(|W,, — u| > €) = 0, for any ¢ > 0. Hence W,
converges to p in probability.

(b) Find the limiting distribution of /n(W,, — u).
Solution: W, — u has point mass 1 at 0, so /n(W,, — u1) also has point mass 1 at 0.
The limiting distribution is
P(VA(W, — 1) = 0) = 1.

(2) Let Xy,..., X, ~ Normal(f,1).

(a) Let T'= (X1,..., X,_1). Show that T is not sufficient.
Solution: As T = (X,...,X,_1), the conditional distribution of (X,..., X,|T =
(th e utn—l)) is
f(Xla"'yX’lhT:t) f(Xl :tla"'an—l :tn—bXn) f(Xn) Hznz_llf<tz)

F(T) T Xt X =t TS = f(Xn),

where )
(Xn—6)2
X,) = e 2

fiXn) V2r

Obviously, the conditional pdf f(Xy,..., X,|T = (t1,...,t,—1)) depends on 6, so T is not
sufficient.

(b) Show that U = 3" | X; is minimal sufficient.
Solution: From the solution above, the ratio between probability is

f(z1, ..., 2,|T) 7w+92?‘:1(1‘i7yi)

f(yh cee 7yn|T)



Obviously, when Y ", z; = > " | y;, the ratio does not depend on ¢, which means that
T(X™) = >, x; is sufficient. To make sure that the ratio does not depend on 6, there
must be > " x; =D ¢y, s0 T(X™) =>"" | x; is also minimal.

In all, T(X™) =37 | z; is minimal sufficient statistic.

(3) Let X3,..., X, be drawn from a uniform distribution on the set

0,11 J12, 2+6]
where 6 > 0.

(a) Find the method of moments estimator 6 of 6.
Solution: The probability density function for X is

L 0<2<1,2< <240,

et ={ 7

ow.

So, the expectation for X is

1 246 2 4 1
EX:/ Ldﬂ/ T g A+
o 1+40 s 1406 2(146)

To find the moment estimator, let

and we get the solution

0, =X —2+VX2-2X +3, Oy =X —2— /X2 -2X +3.
As 0 > 0, only the 0, is kept, and the estimator is

H=X—-24+/X2-2X +3.

(b) Find the mean squared error of 6.

Solution: The form is too complicated, so we use Delta method to find the approximate
MSE of .

In part (a), we have that

E[X]_02+40+1
o 2(146)



The variance for X can also be calculated, as

0+2)°%—7

Var(X) = BIX*) = (BIX)? = 55

— (E[X])*,

which ends up as
0* + 46° + 1862 + 2860 + 1

Var(X) = 10

With CLT, we know that

1. 02 +40 +1 160*+ 40 + 186% + 280 + 1
_XNN< y )
n 2(14+0) 'n 12(1+6)2

Let g(z) = — 2+ Va2 — 22 + 3, so § = g(X), with

02 +460 + 1
2(1+0)

g( ) =10,

,(92+49+1)_ 2(0+1)*
TN +0) ' T @r02+2

and the approximate MSE is

MSE®) = (E[(6—0))+ Var(h)

_ 2(60 4+ 1) )2194+493—|—1892+280+1

(1+62+2" n 12(1 + )2
_ l< 0+1 )204+493+1892+280+1
o (1460)242 3

(¢) Show that 6 is consistent.
Solution: According to the result in part (b), the mean squared error of 0 goes to 0 in
the order of O(1/n), so § — # in probability, which means that 6 is consistent.

(4) Let X1,..., X, ~N(0,1). Let 7 =€ + 1.

(a) Find the maximum likelihood estimator 7 of 7 and show that it is consistent.
Solution: The likelihood function for 6 is

9 Xn ﬁ 12 9)2

=1 ™




hence the log-likelihood function is

1(0; X") = —glogZW — Z w

i=1

Take derivative of 1(6), we have

8 n
55l(0) = ; z; — nb.

To find the MLE of 6, let %1(9) = 0, and the solution is

As this is the only solution for the derivative function, so this is global maximum, and
MLE for 0 is 0 = L1 3" | ;.
As MLE of function g(6) is function of MLE g¢(f), so MLE for 7 is

7= en Zic1 i + 1.

Obviously, the distribution of 0is & ~ N(A,1/n), so  — 0 in probability. As 7 is
a continuous function of 6, according to continuous mapping theorem, 7 — ¢(6) = 7 in
probability, which means that MLE 7 is consistent.

(b) Consider some loss function L(7, 7). Define what it means for an estimator to be a
minimax estimator for 7.
Solution: We say 7 is a minimax estimator of 7, if for any other estimator 7, there is

sup R(7,7) < sup R(7,7),

T T

where

R(1,7) = E,L(1,7) = /L(T,f'(x”))f(x”;T)dx”.

(c) Let m be a prior for . Find the Bayes estimator for 7 under the loss L(7,7) =
(7 —71)%/7.

Solution: To find the Bayes estimator, for any =", we want to choose 7(z™) to minimize

r(Flz) = / " L(r, # (2 (0]27)db.

o0



Introduce Loss function L(7,7) = @ in the equation, and take the derivative of

r(7|x™) with respect to 7, we have

O i [T27—1) "
8%T<T|$ )—/ ——=7(0|z™)db

—0 T

Let Zr(|z") = 0, the equation is

/oo 20=70) - preman = o,

T

—00

which is equivalent with

%/ 1w<e\xn)d9—/ (0]2")d6 = 0,
—o0 T —00

—1// 7(0|z")dr = 1/E[1/T|z"].

hence the solution is



2011 Fall 10-705/36-705 Homework 7 Solutions

8.13 a. Thesize of ¢; is vy = P(X; > .95|0 = 0) = .05. The size of ¢9 is g = P(X1+Xo > C|0 =0).
If1<C <2, thisis

(2-C)°

1 1
02=P(X1+X2>C|9=0}=/ / ldxs dry =
c-1 C—z 2

Setting this equal to @ and solving for C gives C = 2 — /2a, and for a = .05, we get
C=2-1I~168.

b. For the first test we have the power function

0 if9 < —.05
B1(0) = Py(X1 > .95) = 0+ .05 if —.05<0<.95
1 if .95 < 6.

Using the distribution of Y = X; + X5, given by

y— 26 if20<y<20+1
fy(y|9)—{‘29+2—y if20+1 <y <2042
0 otherwise,

we obtain the power function for the second test as

0 if9 < (C/2) -1
(20+2-C)2/2 if (C/2)—1<0<(C—1)/2
1—(C—20)2)2 if (C—-1)/2<0<C/2

1 if /2 < 6.

Ba(0) = Pp(Y > C) =

8.14 The CLT tells us that Z = (3, X; — np)/+/np(1 — p) is approximately n(0, 1). For a test that
rejects Hy when 3, X; > e, we need to find ¢ and n to satisfy

P(Z>L('49)) — 01 and P(Z>L('51))=.99.
1(.49)(51) n(.51)(49)

‘We thus want . .
_en(49) 233 and _en(5l) 933

n(49)(51) /n(51)(49)

Solving these equations gives n = 13,567 and ¢ = 6,783.5.



8.15 From the Neyman-Pearson lemma the UMP test rejects Hy if
2 2y—mn/2 _—E,:a-?/(ZarQ) s 1 1 1
flon) _ (Rrod) PerBetiooh (@) opl 1Y a2 (_2__2) -
flxloo)  (2mod) "/ *e~Tizi/ (o)) a1 2= o5 04
for some k = 0. After some algebra, this is equivalent to rejecting if

21 ! :
Zz w =r (bccauSC?—_Q>D)'

1 o
_ 0 o1
(%-%)

This is the UMP test of size a, where a = P, (3", X? > ¢). To determine ¢ to obtain a specified
a, use the fact that }_, X2 /00 ~ x2. Thus

0P (z X2od > c/aa) _P(& > e/od).

i

so we must have ¢/03 = x2 ,, which means ¢ = g3x2 ..

8.17 a. The likelihood function is
1 6—1

L(p,0x,y) = p" (Hr) o | [T v
;

Maximizing, by differentiating the log-likelihood, vields the MLEs

=
o
=
o
e
|

Under Hy, the likelihood is

-1

L(lx,y) =" Hﬂfz'Hyj )
i J

and maximizing as above yields the restricted MLE,

é _ n-+m
0T ¥ Tog +>,logy;”

The LRT statistic 1s

Go—0

9771-1—}1 éo—_ﬂ
Alx,y) = (H il‘i) 11w
J



A . _ fo—0
b. Substituting in the formulas for @, ji and 6y yields (Hiri}g“_” (HJ yj) " —1and

A y) = B _ B (m u ”)m (m a n)n (1—T)"T".

argm  fmgm m n

This is a unimodal function of 7. So rejecting if A(x,y) < ¢ is equivalent to rejecting if
T < ¢y or T = 9, where ¢; and ¢g are appropriately chosen constants.

c. Simple transformations yield —log X; ~ exponential(1/p) and —log¥; ~ exponential(1/6).
Therefore, T = W/(W + V) where W and V' are independent, W ~ gamma(n,1/p) and
V' ~ gamma(m, 1/f). Under Hy, the scale parameters of W and V are equal. Then, a
simple generalization of Exercise 4.19b yields T' ~ beta(n,m). The constants ¢; and co are
determined by the two equations

PT<c)+PT=zc)=a and (1—c)"e] =(1—co)"ch.

8.20 By the Neyman-Pearson Lemma, the UMP test rejects for large values of f(z|Hy)/f(x|Ho).
Computing this ratio we obtain

r 123456 7
IGH) 6 5 ,
fall) 6 5 4 3 2 1 84

The ratio is decreasing in z. So rejecting for large values of f(xz|Hy)/f(z|Hp) corresponds to
rejecting for small values of z. To get a size a test, we need to choose ¢ so that P(X <
¢|Hp) = a. The value ¢ = 4 gives the UMP size o = .04 test. The Type II error probability is
P(X =5,6,7|Hy) = .82.
d d
10.31 a. By CLT, we have ﬁ1—>N( P, P, (1-p,)/ nl), P, —>N( P, P, (1- pz)/nz).Stacking them

together, and considering that they are independent, we have

A ] d 1-p.)/ 0
{ E)l } SN {pl }, pl( pl) " . Using Delta’s method, it is easy to show that
pz pz 0 pz (1_ p2 ) / n2

d ~
f)l—f)z—w\f(pl—pz,pl(l— pl)/n1+ pl(l— pl)/nz).Under Hyo:p,=p,=p. P isthe MLE of p,

p
thus P—> p. Combining these facts with Slutzkey’s theorem, we get

p1L—p2

—n(0, 1)

(5 + %) o -5)

d
Therefore, T —>;(12.



b. Substitute p;s for S; and Fjs to get

2a a2 2 a2
nip na2p
2 ~ 2412 2 A 12
ni[(1=p) A =PI 3 [(1-py) (1 -p)
ni(l—p) nep
_ m@B-p)° | m(p2-p)?
p(l—p) p(1—p)
Write p = (nip1 + na2pe)/(n1 + n2). Substitute this into the numerator, and some algebra
will get
L .o (pL—pa)?
ni(p1 —5)° +na(pe —p)* = T 1
1 Tia
soT*=T.
c. Under Hy,
P1— P2 —n(0,1)

J(E+5)p-p

and both p; and ps are consistent, so p1(1 — p1) — p(1 — p) and pa(1 — pa) — p(1 —p) in
probability. Therefore, by Slutsky’s Theorem,

P1—Po . 11(0._ 1),
\/331{1—}31)+ﬁ2(1—352)

Ty g

and (T**)? — x2. It is easy to see that T** # T in general.

e. We have p; = 34/40, po = 19/35, p = (34 + 19) /(40 + 35) = 53/75, and T' = 8.495. Since
X%_Ds = 3.84, we can reject Hy at e = .05.



7. Show that, when HO is true, then the p-value has a Uniform (0,1) distribution.
Proof:

First, according to C&B Theorem 2.1.10, the cdf of a continuous r.v. follows Uniform(0, 1).

Now suppose that the reject region is W(X) < ¢ for some test statistic W(X) w/
some continuous cdf, then the p-value p = sup, g, Po(W(X) < W(x)), where x are the
(observed) data, and W(x) is the observed statistic.

1. If & = {6}, then p = Py, (W(X) < W(x)) = F(W(x);8), where F is the cdf of W.
Thus by the above theorem, p ~ Uni f(0,1);

2. If ®p contains more than 1 point, then we need to take the sup on all points in &g, but
remember that P(W(X) < W(x)) is a power function, thus it’s monotonic, hence
the sup 1s attained on the boundary. Assume the sup is attained at some boundary
point 8%, then p = P (W(X) < W(x)) = F(W(x);#*), and p ~ Unif(0,1) same as

case 1.

Same result holds for reject region W(X) > ¢, where you'll end up w/ p =1 — F(W(x);#)
for some @. But since F(W) ~ Unif(0,1), p ~ Unif(0,1) too.
Therefore, under Hy, p ~ Unif(0,1).



36-705 Intermediate Statistics HWS

Problem 1 (C & B 9.1)

Solution:

Denote A = {z: L(z) < 6} and B = {z: U(z) > 6}. Then ANB = {z: L(z) < 6 < U(x)}
and 1 > P{AUB} = P{L(X)<f0or0KU(X)} > P{L(X)<6orf <L(X)} = 1, since
L(z) < U(z). Therefore, P(ANB) = P(A)+P(B)—P(AUB) =1—a;+1—as—1=1—a;—as.

Problem 2 (C & B 9.4(a))
Solution: (a).

' SUP )¢ (0.400) L (0%, 0% | 2,)

2 2
The unrestricted MLEs of 0% and 0% are 6% = 22t and 63 = ot, as usual. Under the

n
restriction, A = Ao, 03 = Ag0%, and

L(o%,Mo0k|z,y) = (21r0§()_n/2 (27r/\00§()—m/2 e~Ee0/(20%) . g=Zui/(2Aock)

(27r0.§{)—(m+n)/2 Agm/2€_(’\021?+2912)/(2)\002x)

Differentiating the log likelihood gives

dlogL. ~ d m+n s Mm+mn m AoXz? + Ty?
d(a§)2 = @3 ) logoy — log (2m) — 5 log /\O_W
m+n -1 AoXz? + Xy? —2  se
= ——5— (%) +0T0y(0§() =0
which implies
52 — AoXz? 4 Ty?
0 Ao(m+mn)
To see this is a maximum, check the second derivative:
d?log L m+n 2 1 —3
d(0§)2 = 5 (0%) " - X (AoXz} +3Zy7) (0%) oo
= - leh <o,



therefore 63 is the MLE. The LRT statistic is

. nf2 ;.9 \m/2
(6%)"* (63)™

/\31/2 (&8)(171+n)/‘2 ’

and the test is: Reject Hy if A(z,y) < k, where k is chosen to give the test size a.

Problem 3 (C & B 9.33(a))

Solution:

a. Since 0 € C,(z) for every z, P(0 € Co(X)|p=0)=1. If p > 0,

Plpe Cu(X)) = Pp<max{0,X+a}) = Pp<X+a) (since p > 0)
= P(Z > —a) (Z ~n(0,1))
= 95 (a = 1.645.)

A similar calculation holds for p < 0.

Problem 4

Solution: The likelihood function for 0 is
1
L(@, Xl) ce 7Xn) = H_TLIX(”)SO’ X(n) = maX{Xl, C ;Xn}

So, the MLE is 0 = X ().
The likelihood ratio for data is

L(9) _ é_nIX(n)S" Xy

~

= = I .
L(@) on Ix(n)gé on X(ny<t

Hence, using LRT, we accept the Hy when

L) X
L(é) = gn [X(R)SQ > C.

Choose a proper C' to make sure that the test has size o. For Uniform distribution, the
size could be calculated as

XT:L Cl/ne n
Po(— 2 Ix, <0 < C) = Py(X(y < CV"0) = % =

i C.



So, take C' = o to make sure that the LRT is with size a.
In this sense, the acceptance region is

AW) = {X1, -, X 1 0> Xy > /0},

X(n)

and the corresponding 1 — o confidence interval is (X, =72).

Q

Problem 5

Solution: Given z, say that x € B;, then the estimator is p(x) = —] = L3 I(X; € By).
For any X;, the distribution of I(X; € Bj) is Bernoulli Distrlbutlon with parameter p =
P(X € By) fB t)dt. As Xy,---, X, are i.i.d samples, so I(X; € B;),---,I(X, € B))

are also i.i.d samples. Hence, we have the expectation and variance for 0; as

Bl6) = [ plyat

J

var(d;) = %/B_p(t)dm—/B_p(t)dt).

J J

and

Hence, the bias and variance for the estimator is

vias(ia)) = 5 [ plt)at=pla),

j
and

var(i@)) = — [ pai = [ ploydn)

B; J

So, the MSE for this single point is

MSE(x):bQ—i—v:(%/ p(t)dt — p(x))? +% p(t)dt(l—/B p(t)dt).

B; B; i

Now try to estimate the MSE term by term.
Taylor expansion shows that

/B p(t)dt = hp(x) 19/ (x) / (t—)dt+ /B 2P @) = hpa) ! ) (G 5) =)+ O,

A A , 2
J J J

In the bin B;, the integration over bias square is

[, G, pe=pteae = [ oG =) -+ 00

J

3



and by the mean value theorem,

/ / Dt — p(z))2dz ~ p’(gz»j>2/ (h(j — %) s = (3,2

Bj

Hence, we have

1 m m h3 h2
/ bias(z)*dr = Z/ bias(z)?dx ~ Zp/(i’j)2— ~ / (x ) dr—.
0 I, < 12 12

For the variance part, in the bin B;, it does not change, so the integration is

/vadt:h(#/gp(t)dt(l—/ﬂ p(t)dt)) = nlh(/ (t)dt—(/B p(t)dt)?),

J J J J

and on [0, 1] interval, the variance is

[ i i, P (f vty = - m</B p(t)dt)?.

J J

With mean value theorem, we have that [, p(t)dt = p(Z;)h, so it becomes
J

! I R TV |
S — 7)Y~ (1 — 2 .
/Ovdt e j:1hp<x]> — /p (2)dz)

So, the approximation of MSE on the density function is

21
_ 2 ~ e 2dr— + — (1 — 2
MSE_/b + v /p(a:]) dos + nh(l /p (z)dz).

If we take Cy = [ p/(x;)?dz/12, and Cy = (1 — [ p*(z , then the approximate MSE is

1
MSE ~ Clh2 + 02_7
nh

so the best A should be O(n~'/3), and the corresponding convergence rate is n~2/3.



2011 Fall 10-705/36-705 Test 3 Solutions

(1) Let X,,---, X, ~ Bernoulli(8),60 €(0,1)

(a) Find MLE @, score function, and Fisher information.
Solution:

n—-XX;

L(6;X") =0 (1-0)
n Xi

i=1

ologL XX, —-né#
0)= — i

(0) 060 0(1-0)

(0)=-e, (S|

(b) Find the limiting distribution of 7 = eé.

é:

S|

Solution:

According to Thm 11 Lecture 9:

\/H(T(é)—f(e))i)./\/’(o, | TI;((Z))F J =N (0,6¥9(1-0))

jf(é)iN{ee,WJ

(c) Findthe Wald testfor H,:0=1/2,H,:60=1/2.

Solution:

se(d) = 22=2)

n
0-112
Therefore the Wald test is: reject when >7.,,-
1/+4n

(2) Let X;,-+-, X, ~ N (6,1).



(a) Find the level-a Neyman-Pearson test for H,:0=1H,:0=2.

(b)

~

Solution:

The Neyman-Pearson test rejects when T (X " ) >k, .

) 22T )

T(x")= L(6) exp(_;z(xi _1)2j

:exp(n()?—slz))

Toget K,

R(T(x)>k,)=a< Po(exp(n(f—3/2))>ka)=a<:> P(X>c)=a

Since X ~ J\/(l,l/ n) , we know P, ( X a j = ¢ . Therefore the test is: reject when

Jn

X >142e

Jn
In what sense is Neyman-Pearson optimal:

Solution:

Neyman-Pearson is optimal because it is UMP: among all the level-a tests, Neyman-Pearson

has the largest power function for all € € O, i.e. has minimum type Il error.

Find the LRTof H,:0=1H,:0 #1.

Solution:

D>
ol
§%>
M

X|




We know under HO \/ﬁ()? —1) ~N(01)=n ( X —1)2 ~ x4 . Therefore the LRT is: reject

HO when n(>?—1)2 > ;(fa (or equivalently \/ﬁ‘)z—l‘ >Z.)

(3) Let X,,---, X, ~Uniform(0,6),0 >0

(a) Find the likelihood and MLE.

Solution:

1 1
vl |(xise)=ﬁl(x(n)se)
é=x(n) =max; X,

(b) Find the form of LRTfor H,:0=1H,:6#1
Solution:

The LRT rejects HO if Z(X ”)S C.

Therefore, if X(n) >1, always reject HO. Otherwise reject HO if X(r:]) is smaller than some

value.
(c) Find the form of likelihood ratio confidence interval.

Solution:




When @ < X(n) , this ratio is always zero. When 6 > X(n), this ratio is monotonically

decreasing with @. Therefore, C should have the form [X(n),U } .

(4) Let X,,--+, X, ~ p(x;&)

(a)

(b)

(c)

Let C(X") be a 1-a confidence interval for 6. Consider testing H,:6=6,,H,:0 # 6.

Suppose we reject HO if 8, € C ( X" ) . Show that this defines a level a test for HO.

Solution:
inf, P,(0C(X"))21-a

& 1-inf,P,(0eC(X"))<a

< sup,1-P,(0eC(X"))<a

< sup, Pg(eszc(x”))ga

which is the definition of a level-a test.

X,+++, X, ~Uniform(0,0),6> 0. Let C, =(X,), X,/ &"") . Show that C,is a 1-a C

for 6.

Solution:
For V4,
P(0€C,)=P, (X <0<X, la")=P, (0" <X )=1-P, (0" 2 X, ).

=1—(P9 (ealln > Xl))n :1_(%90{1/”)1 .

Use (a) and (b) to define a level a test of H,: & =1,H, : @ #1. Find its power function.

Solution:

The test is: reject Hy if 1 ¢ [X(n), X(n) /al/n} N X(n) >1.0r, X(n) <™.



B(0)= P(X >1UX <a ) P(X()>1)+P(X(n)<al’”)

—1- Pe(x(n) <1)+P (x <at )

=1-(P, (X, <1))"+(P, (X, <a™))

1 6<a”
= ﬁn " <6<1
o
T
0”



36705 Intermediate Statistics Homework 9 Solutions

Problem 1

R(b) = E(L(W) =E [ (pn(a)Pdo—2E [ pu(elplaldo+ [(pla)Pdo
Since the last term of the rhs has nothing to do with “h”, differentiate R(h) with

respective to h, d [(p(z))?/dh = 0. Then,

min B(h) = min E(L(h)) = min (E / (pn(z))%dx — 2E / ﬁh(m)p(x)dx> = min R(h)

b).
. 22
BR(h) = [ (5y(z)do - > En(1)
— By [ (n(@)Pds - 2By (1)) &
—Ex [ (n(@)Pdz - 28 [ onu)pln)dy &)
The second expectation in (1) is with respect both X’s z}nd Y’s, while the second expec-
tation in (2) is with respect to X’s. So with prove that ER(h) = R(h) = E [ (pn(z))*dz —

2F f pr(x)p(x)de.

Problem 2

Kernel density estimator is defined as




Let Y; = K ( ) Since kernel K is a symmetric density with expectation 0. Then

a<Y; <bwitha= mm(K(%))/h and b = maw(K(lT))/h. We can apply Hoeffding
inequality that

—2ne

P(|pn(x) — pr(x)] > €) \—ZY E(Y)| > €) < 2e@-a?

Problem 3

E(6*|X1, ..., X,) = n 'E[Y ~ Binomial(n, X)] =n"'nX = X
E(0*) = E(E@*|X1, ..., Xn)) =EX =0

Var(0*|X1,....Xn) =n2nX(1 - X) =n"'X(1 - X)
Var(0*) = Var(E(0*| X1, ..., X)) + E(Var(0*|X1, ..., X,,)) =
= Var(X)+E(n'X(1-X)) =

n (1 —0) +n ' (EX —EX") =

= n {1 -0)+60-n"t0(1 —0) — 6% =

= n1201—-0)—n"20(1-0) =

— 91— 0) <2”ng 1)

Problem 4
V(0*|X1,. .., X,)  X(1-X)
Var(0,) p(1—p)
x L& — p by law of large number
Then,
X(1-X) 5 p(1 — p) by Theorem 10 in Lecture 4
So
21— R
=% r,
p(1 —p)



36-705 Intermediate Statistics HW10

Problem 1 (C & B 7.23)

Solution:

Let t = s? and 6 = 0. Because [n — 1)S? /0% ~ x2_;, we have

_ [(n—1)/2]-1 _
F(1]6) = 1 n 1t e_(n_l)t/%n 1‘
['((n—1)/2)2(r-1)/2 6 6

With 7(f) as given, we have (ignoring terms that do not depend on #)

1) D/ (n—1)t/26 1 L 186

> |9 PTG T 2 g

which we recognize as the kernel of an inverted gamma pdf, IG(a,b), with
n—1 (n—l)t+l !
2 2 Bl

Direct calculation shows that the mean of an 1G(a,b) is 1/((a — 1)b), so

a=

+ and b= l

n—1 1 n—1 .2 1
2 its 38 t5

nT_l +a—1 ";1 +a—-1"

E(6]t) =

This is a Bayes estimator of o2.

Problem 2 (C & B 9.27)

Solution:



a. Y =) X; ~ gamma(n,\), and the posterior distribution of A is

) 1\n+
7(Ay) = (v +5)" 1 e~ x(¥+3)
y ['(n+a) Antetl ’

an IG (n+a, (y + §)~!). The Bayes HPD region is of the form {\: m(A|y) > k}, which is
an interval since m(\|y) is unimodal. It thus has the form {\: a;(y) < A < ay(y)}, where a;
and a9 satisty
1 teb_ 1 iwd
a1n+a+1' a2n+a+l' - :

b. The posterior distribution is IG(((n—1)/2) +a, (((n —1)s%/2) +1/b)~1). So the Bayes HPD
region is as in part a) with these parameters replacing n + a and y + 1/b.
c. Asa — 0 and b — oo, the condition on a; and as becomes

1 _ 1 (n-1)s? 1 _1 (n-1e?
e @1 2 — e 42 2
a;((n=1)/2)+1 as((n=1)/2)+1

Problem 3

Solution:
(a) Say that X; = Z; + 0;, then X; ~ N(6;,1). The moment generating function for
X; ~ N(0,1) is Mx(t) = e”*+°/2_ So, we have the moments for X as

E[X]=0, E[X?=1+6*  E[X’|=30+6°  E[X*=3460%+0",

and
Var(X?) = E[X*] — (E[X?))? =3+ 1207 + 0* — (1 + 6*)* = 2 + 40%.

Because Xjs are independent, so we have

EVI=) E[X}]=> 1+6=k+),

j=1 j=1

k k
Var[V] =Y Var[X?] = 2+4607 = 2(k + 2)).

j=1 7=1

(b) The posterior distribution of p is

1 _ (wi—p)?
2

f(w) = flylp) f(p) = H?:l\/_Q—ﬂ_e

So, the posterior distribution of u is N(y, I,,).

2



(¢) In this case, the distribution of 7 =", u? is x2()\), where A = Y, 2.
(d) According to the result in (a), the posterior mean of 7is 7 =n+ Y. y.
(e) Let W =",y and thus 7 = n + W. By definition, W ~ x2(>". u?). Therefore

bias(7) = B(F) = 3 pf = B+ W) =3 it
=nt (Y i) =D ou

=2n

Var(t) =Var(n+ W) = Var(W)

:2n+42u?

(f) According to the hint, W ~ N (E(W),Var(W)) = N(n+ Y, pZ,2n+4>, 13).
Now consider the probability P(|7 — 7| > €) for an arbitrarily small e. This probability will
never approach 1 since 7 —7=W+n—>_, u?2 ~ N (2n,2n+ 4>, 7). In other words, the
density of 7 — 7 will never concentrate around zero. Therefore, 7 is not consistent.

(g) From (c), 7 = >, p? is x2()), then the 1 — « confidence interval for 7 is C,, =
XG0 (32 97), +00).

(h) From (e), bias(7) = 2n, then E(7 —2n) =0. 7 =7 —2n = W — n is an unbiased
estimator. Var(7) =2n+4Y, u2. As n — oo, Var(7) - 0, so 7 is not consistent either.

(i) From (e) we have W ~ x2(3_, u2) = x2(7). Suppose we want to test Hy : 7 = 79
vs. Hy : T # 79, then the rejection region of a level a test is R = {W : W < x2 ,(70)}.
By inverting this test, we have a size 1 — « confidence interval A, = {7 : W > x2 (1)}
The interval in (g) is actually Bayesian credible interval where the parameter 7 is random
and the interval is determined by the posterior distribution of 7. The interval in (i) is the
frequentist confidence interval which we assume it is fixed and the interval is determined
from the distribution of the estimator of 7.



Practice Final Exam

1. Let Xy,...,X, beiid from a distribution with mean p and variance o2. Let

= -3 (X - X,

n—14%
=1

where X,, =n"t>" | X;. Prove that S, L

2. Let @ > 0. Let Sy denote the square in the plane whose four corners are (6, 0), (—6,0), (—0, —0)
and (0, —6). Let Xi,..., X, be iid data from a uniform distribution over Sp. (Note
that each X; € R?.)

(_er e) (ere)

(-6.-9) (8,-6)

(a) Find a minimal sufficient statistic.
(b) Find the maximum likelihood estimate (mle).

(¢) Show that the mle is consistent.



3. Let Xi,..., X, ~ Poisson()\) and let Y3,...,Y,, ~ Poisson(y). Assume that the two
samples are independent.

(a) Find the Wald test for testing

Hy: A=~ wversus Hp:\#~.

(b) Find the likelihood ratio test for testing
Hy: A=~ wversus Hj:\#~.

What is the (approximate) level « critical value?
(¢) Find an approximate 1 — a confidence interval for A\ — ~.

(d) Find the BIC criterion for deciding between the two models:
Model I: v = ~.

Model II: v # ~.
4. Let Xy,..., X, ~ Unif(0, ).

(a) Let 0 = aX, where a > 0 is a constant. Find the risk of § under squared error loss.
(b) Find the posterior mean using the (improper) prior 7(6) o 1/6.

(c¢) Suppose now that 0 < 6 < B where B > 0 is given. Hence the parameter space is
© = [0, B]. Let 0 be the Bayes estimator (assuming squared error loss) assuming that
the prior puts all its mass at # = 0. In other words, the prior is a point mass at § = 0.
Prove that the posterior mean is not minimax. (Hint: You need only find some other

estimator 6 such that Supyeeo R(0, 0) < supypeeo R(0, é\)
5. Suppose that (Y, X) are random variables where Y € {0,1} and X € R. Suppose that
X|Y =0 ~ Unif(—5,5)

and that
X|Y =1 ~ Unif(—1,1).
Further suppose that P(Y =0) =P(Y =1) = 1/2.
(a) Find m(z) = P(Y = 1|X = x).
(b) Let A= {(a,b): a,be R, a <b}. Find the VC dimension of A.



(c) Let H ={ha: A€ A} where hy(z) =1if z € A and ha(z) =0if 2 ¢ A. Show
that the Bayes rule h, is in H.

(d) Let T be the empirical risk minimizer based on data (X1,Y7),...,(X,,Y,). Show
that R(h) — R(h.) < € with high probability.

. Let Xj, X5 be iid Uniform(0, 1). Find the density of Y = X; + X,.
. Let X4,..., X, beiid data from a uniform distribution over the disc of radius € in R2.

Thus, X; € R? and
L if ||z|]| <0

. _ h2
fl:0) = { 0  otherwise

where ||z|| = \/2? + 2.

(a) Find a minimal sufficient statistic.
(b) Find the maximum likelihood estimate (mle).

(c) Show that the mle is consistent.

. Let X ~ Binomial(n,p) and Y ~ Binomial(m, ¢). Assume that X and Y are indepen-
dent.

(a) Find the Wald test for testing

Hy:p=gq versus H;:p#q.

(b) Find the likelihood ratio test for testing

Hy:p=gq versus H;:p=#gq.

(¢) Find an approximate 1 — a confidence interval for § = p — q.

. Let X ~ f(x;0) where 6 € ©. Let L(@\, 6) be a loss fuctions.

(a) Define the following terms: risk function, minimaz estimator, Bayes estimator.

(b) Show that a Bayes estimator with constant risk is minimax.



10. Let Xy,..., X, ~ N(6,1). Let m be a N(0, 1) prior:

)

(a) Find the posterior distribution for 6.

(b) Find the posterior mean 6.

(c) Find the mean squared error R(6,0) = Eq(0 — 0)2.
11. Let X3,..., X, ~ Poisson(\).

(a) Find the mle A
(b) Find the score function.

¢) Find the Fisher informtion.

)
)
()
(d) Find the limiting distribution of the mle.
(e) Show that ) is consistent.

(f) Let ¢ = ¢*. Find the limiting distribution of b= .
(g) Show that ¥ is a consistent estimate of .

12. Let X3,..., X, be a sample from f(z;0) = (1/2)(1 + 0z) where —1 < = < 1 and
-1<6<1

(a) Find the mle f. Show that it is consistent.

(b) Find the method of moments estimator and show that it is consistent.



